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THE ELLIPTIC CASIMIR CONNECTION OF A SIMPLE LIE ALGEBRA
VALERIO TOLEDANO LAREDO AND YAPING YANG
Abstract. We construct a flat connection on the elliptic configuration space associated to any complex semisim-
ple Lie algebra g. This elliptic Casimir connection has logarithmic singularities, and takes values in the de-
formed double current algebra of g defined by Guay [19, 20]. It degenerates to the trigonometric Casimir
connection of g constructed by the first author in [38]. By analogy with the rational and trigonometric cases,
we conjecture that the monodromy of the elliptic Casimir connection is described by the quantum Weyl group
operators of the quantum toroidal algebra of g.
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2 V. TOLEDANO LAREDO AND Y. YANG
1. Introduction
1.1. Motivation. Around 1990, Drinfeld proved that the R matrix of quantum groups describes the mon-
odromy of the Knizhnik–Zamolodchikov (KZ) equations [12]. Subsequently, Millson–Toledano Laredo
[31, 34], and independently De Concini (unpublished, 1995) and G. Felder et al. [15] introduced another
flat connection ∇C , the Casimir connection of a complex, semisimple Lie algebra g. The latter connection
is distinct from, but dual to the KZ connection, and is described as follows.
Let h be a Cartan subalgebra of g, Φ ⊂ h∗ the corresponding root system, and hreg ⊂ h the complement of
the root hyperplanes in h. For a finite–dimensional g–module V , the Casimir connection ∇C is the connection
on the holomorphically trivial vector bundle on hreg with fibre V given by
∇C = d − ~
∑
α∈Φ+
dα
α
κα,
where ~ ∈ C is a deformation parameter, the summation is over a chosen system Φ+ of positive roots, and
κα ∈ Uslα2 ⊂ Ug is the truncated (i.e. Cartan–less) Casimir operator of the slα2–subalgebra of g corresponding
to the root α. This connection is flat and equivariant with respect to the Weyl group W , and therefore
gives rise to a one–parameter family of monodromy representations of the generalized braid group Bg =
π1(hreg/W) on V .
In this setting, a Drinfeld–Kohno theorem was obtained by the first author [34, 36, 37, 39], according to
which the monodromy of the Casimir connection of g is described by the quantum Weyl group operators [30]
of the quantum group U~g. This result was recently generalised to an arbitrary symmetrisable Kac–Moody
algebra by Appel–Toledano Laredo [1, 2, 3, 4].
In related work, the first author constructed a trigonometric version of ∇C [38]. Let G be the simply–
connected complex Lie group with Lie algebra g, H ⊂ G the maximal torus with Lie algebra h, and Hreg =
H \⋃α∈Φ{eα = 1} the complement of the root hypertori in H. The trigonometric Casimir connection ∇trig,C
is a connection on the trivial vector bundle Hreg ×V , where the fiber V is a finite–dimensional representation
of the Yangian Y~g, which is a deformation of the current algebra U(g[s]) of g. Let {ui}, and {ui} be dual
bases of h∗ and h respectively. Then, ∇trig,C is given by
∇trig,C = d − ~
∑
α∈Φ+
dα
eα − 1κα − dui X(u
i)
where dui is regarded as a translation invariant 1–form on H, X : h → Y~g is a linear map such that
X(u) ≡ u ⊗ s mod ~, and the summation over i is implicit.
The connection ∇trig,C is flat and W-equivariant. Its monodromy yields a one parameter family of mon-
odromy representations of the affine braid group BAffg = π1(Hreg/W). By analogy with [34], Toledano
Laredo conjectured that the monodromy of ∇trig,C is described by the quantum Weyl group operators of the
quantum loop algebra U~(Lg) [38]. This conjecture was formulated more precisely in subsequent work of
Gautam–Toledano Laredo, and reduced to the case of g = sl2 [17, 18]. Moreover, for sl2, it was proved
for the tensor product of evaluation modules in [16]. Work in progress of Bezrukavnikov–Okounkov also
proves this conjecture for representations of Y~g arising from geometry [7].
The main goal of the present paper is to construct an elliptic analogue of the Casimir connection, and to
give a conjectural description of its monodromy.
1.2. The universal KZB connection of a root system. The construction of the elliptic Casimir connection
relies on the universal elliptic connection associated to an arbitrary finite (reduced, crystallographic) root
system Φ obtained in [40], which we review below.
Let Q ⊂ h∗ and Q∨ ⊂ h be the root and coroot lattices of Φ respectively. Let τ be a point in the upper
half plane H = {z ∈ C | Im(z) > 0}, and set Λτ = Z + Zτ ⊂ C. Consider the elliptic curve Eτ := C/Λτ with
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modular parameter τ. Set T = h/(Q∨ + τQ∨). Any root α ∈ Φ induces a map χα : T → Eτ, with kernel Tα.
We refer to Treg = T \
⋃
α∈Φ Tα, as the elliptic configuration space associated to Φ. The fundamental group
π1(Treg/W) is the elliptic braid group.
Let θ(z|τ) be the Jacobi theta function, which is a holomorphic function C × H → C, whose zero set is
{z | θ(z|τ) = 0} = Λτ and such that its residue at z = 0 is 1 (see Section §2.2). Let x be another complex
variable, and set
k(z, x|τ) := θ(z + x|τ)
θ(z|τ)θ(x|τ) −
1
x
.
The function k(z, x|τ) has only simple poles at z ∈ Λτ, and is regular near x = 0. It may therefore be regarded
as an element of 1 + xHol(C − Λτ)[[x]].
Let A be an algebra endowed with the following data: a set of elements {tα}α∈Φ, such that t−α = tα, and
two linear maps x : h→ A, y : h→ A. Consider the following A–valued meromorphic connection on h.1
∇KZB,τ = d −
∑
α∈Φ+
k(α, ad(
xα∨
2
)|τ)(tα)dα + y(ui)dui (1)
where xα∨ = x(α
∨). When Φ is the root system of type An, the connection above coincides with the universal
KZB connection introduced by Calaque–Enriquez–Etingof in [8]. In [40], we proved the following.
Theorem 1.1. The connection ∇KZB,τ is flat if and only if the following relations hold in A
(1) For any rank 2 root subsystem Ψ of Φ, and α ∈ Ψ,
[tα,
∑
β∈Ψ+
tβ] = 0.
(2) For any u, v ∈ h
[x(u), x(v)] = 0 = [y(u), y(v)].
(3) For any u, v ∈ h,
[y(u), x(v)] =
∑
γ∈Φ+
〈v, γ〉〈u, γ〉tγ.
(4) For any α ∈ Φ and u ∈ h such that α(u) = 0,
[tα, x(u)] = 0 = [tα, y(u)].
If, moreover, the Weyl group W of Φ acts on A, then ∇KZB,τ is W–equivariant if and only if
(5) For any w ∈ W, α ∈ Φ, and u, v ∈ h,
w(tα) = twα, w(x(u)) = x(wu), and w(y(v)) = y(w v)
In what follows, we denote by tΦell the Lie algebra defined by the relations (1)–(4) of Theorem 1.1, endowed
with the action of W given by relation (5). tΦ
ell
has an N–bigrading given by deg(x(u)) = (1, 0), deg(y(v)) =
(0, 1) and deg(tα) = (1, 1).
1we are assuming further that A is a topological algebra such that the infinite sums k(α, ad(
xα∨
2
)|τ)(tα) converge. This is the case
for example if A is complete with respect to a descending filtration, and x(u) is of positive degree for any u ∈ h.
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1.3. The deformed double current algebra Dλ(g). The elliptic Casimir connection constructed in this
paper is obtained by specialising the universal connection (1), that is mapping the Lie algebra tΦell to an
appropriate associative algebra in a W–equivariant way. The correct algebra turns out to be the deformed
double current algebra Dλ(g) of g introduced by Guay [19, 20].
Dλ(g) is an algebra over C[λ], where λ is a formal parameter, which deforms the universal central exten-
sion of the double current algebra g[u, v]. It was introduced in [19] for g = sln with n ≥ 4 and in [20] for an
arbitrary simple Lie algebra g of rank ≥ 3, but g , sl3. It is obtained by degenerating the defining relations
of the affine Yangian of g, see [19, Thm. 12.1] and [20, Thm. 5.5]. This degeneration yields a presentation
of Dλ(g) which is similar to the Kac–Moody presentation of an affine Lie algebra. A second, double loop,
presentation of Dλ(g) is obtained in [20, 22]. It involves two current algebras in one variable which play a
symmetric role. Deformed double current algebras for sl2 and sl3 were not defined in [19] due to subtleties
arising in small rank. A definition for sl2, sl3 will be proposed in [23]. A definition of Dλ(g) in type B2 and
G2 is currently unavailable.
In the current paper, we assume that rank(g) ≥ 3. The following is the second presentation of the deformed
double current algebra Dλ(g), when g , sl3. For g = sl3, more relations need to be imposed in Definition 1.2
so that Dλ(g) is a flat deformation of the universal central extension of g[u, v]. All other statements in the
current paper hold for g = sl3.
Definition 1.2. [22, Def. 2.2] The deformed double current algebra Dλ(g) is generated by elements X, K(X),
Q(X), P(X), X ∈ g, such that
(1) X,K(X) generate a subalgebra which is an image of g[v] under the map X ⊗ v 7→ K(X)
(2) X,Q(X) generate a subalgebra which is an image of g[u] under the map X ⊗ u 7→ Q(X)
(3) P(X) is linear in X, and for any X, X′ ∈ g, [X, P(X′)] = P[X, X′]
and the following relations hold for all root vectors Xβ1 , Xβ2 ∈ g with β1 , −β2:
[K(Xβ1),Q(Xβ2 )] = P([Xβ1 , Xβ2]) − λ
(β1, β2)
4
S (Xβ1 , Xβ2) +
λ
4
∑
α∈Φ
S ([Xβ1 , Xα], [X−α, Xβ2]),
where S (a1, a2) = a1a2 + a2a1 ∈ Ug.
Note that Dλ(g) is N–bigraded by
deg(X) = (0, 0), deg(K(X)) = (1, 0), deg(Q(X)) = (0, 1) and deg(P(X)) = (1, 1) = deg(λ) (2)
Further, a central element Z ∈ Dλ(g) is constructed in [22, Prop. 4.1], which is given by
Z :=
1
(β, β)
[K(Hβ),Q(Hβ)] − λ4
∑
α∈Φ
S ([Hβ, Xα], [X−α,Hβ])
 (3)
where β is any fixed element in Φ (the formula above is independent of the choice of β, see Thm. 3.3).
Remark 1.3. The deformed double current algebra recently showed up in the work of Costello. In [11], he
studies the AdS/CFT correspondence in the reformulation of Koszul duality for algebras. For M2 branes
in an Ω–background, Costello shows that the algebra of supersymmetric operators on a stack of k branes,
when k → ∞, is a deformed double current algebra of type A.
1.4. The elliptic Casimir connection. Consider the N–grading on Dλ(g) induced by the N–bigrading (2)
via the homomorphism (a, b) → a, and let D̂λ(g) be the completion of Dλ(g) with respect to this grading.
The elliptic Casimir connection is constructed as follows.
Theorem A (Theorem 3.6).
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(1) There is an N–bigraded algebra homomorphism from tΦell → Dλ(g) given by
x(u) 7→ Q(u), y(v) 7→ K(v) and tα 7→
λ
2
κα +
Z
h∨
where κα is the truncated Casimir operator corresponding to α, h
∨ is the dual Coxeter number of g,
and Z is the central element (3).
(2) The corresponding elliptic Casimir connection valued in D̂λ(g) is given by
∇Ell,C = d − λ
2
∑
α∈Φ+
θ
(
α + ad(
Q(α∨)
2
)
)
θ(α)θ
(
ad(
Q(α∨)
2
)
) − 1
ad
(
(
Q(α∨)
2
)
)
 (κα)dα − ∑
α∈Φ+
θ′(α|τ)
θ(α|τ)
Z
h∨
dα +
n∑
i=1
K(ui)dui
(3) ∇Ell,C is flat and W-equivariant.
1.5. Extension to the modular direction. We proved in [40] that the elliptic connection (1) extends to a
flat connection in the modular direction, thus generalising a result of Calaque–Enriquez–Etingof in type A
[8]. The extended connection takes values in the semidirect product d⋉tΦ
ell
, where d is an infinite–dimensional
Lie algebra introduced in [8]. We prove in this paper that the elliptic Casimir connection also extends in the
modular direction by extending the homomorphism tΦ
ell
→ Dλ(g) given by Theorem A to d ⋉ tΦell.
Let d be the Lie algebra with generators ∆0, d, X, and {δ2m}m≥1, and relations
[d, X] = 2X, [d,∆0] = −2∆0, [X,∆0] = d,
[δ2m, X] = 0, [d, δ2m] = 2mδ2m, (ad∆0)
2m+1(δ2m) = 0. (4)
The generators X,∆0, d span a copy of the Lie algebra sl2 inside d, and the latter decomposes as d+ ⋊ sl2,
where d+ is the subalgebra generated by {δ2m}m≥1. It is shown in [40, Prop. 7.1] that d acts on tΦell by
derivations (see also Prop. 7.1).
Theorem B (Thm. 8.9, Prop. 9.2, Thm. 9.3).
(1) There exist elements E, F,H, and {E2m}m≥1 in Dλ(g) such that {E, F,H} forms an sl2–triple, and which
together with {E2m}m∈N satisfy the defining relations (4) of d.
(2) The corresponding homomorphism d→ Dλ(g), together with the homomorphism tΦell → Dλ(g) given
by Theorem A give rise to a homomorphism d ⋉ tΦell → Dλ(g).
In Proposition 8.1, we also prove that there is an action of SL2(C) on Dλ(g) via linear transformations of
the two lattices g[u], g[v]. The action of the sl2-triple {E, F,H} in Theorem B is induced from this SL2(C)-
action.
LetM1,n be the moduli space of pointed elliptic curves associated to the root system Φ. More explicitly,
let H ∋ τ be the upper half plane. The semidirect product (Q∨ ⊕ Q∨) ⋊ SL2(Z) acts on h × H. For (n,m) ∈
(Q∨ ⊕ Q∨) and (z, τ) ∈ h × H, the action is given by translation: (n,m) ∗ (z, τ) := (z + n + τm, τ). For(
a b
c d
)
∈ SL2(Z), the action is given by
(
a b
c d
)
∗ (z, τ) := ( z
cτ+d
, aτ+b
cτ+d
). Let α(−) : h→ C be the map induced by
the root α ∈ Φ. We define H˜α,τ ⊂ h × H to be
H˜α,τ = {(z, τ) ∈ h × H | α(z) ∈ Λτ = Z + τZ}.
The elliptic moduli space M1,n is defined to be the quotient of h × H \
⋃
α∈Φ+,τ∈H H˜α,τ by the action of
(Q∨ ⊕ Q∨) ⋊ SL2(Z).
Let g(z, x|τ) := kx(z, x|τ) be the derivative of function k(z, x|τ) with respect to variable x. Set a2n :=
− (2n+1)B2n+2(2iπ)2n+2
(2n+2)!
, where Bn are the Bernoulli numbers and let E2n+2(τ) be the Eisenstein series. Consider
the following function on h × H
∆ := ∆(α, τ) = − 1
2πi
H − 1
2πi
∑
n≥1
a2nE2n+2(τ)E2n +
1
2πi
∑
β∈Φ+
g(β, ad
xβ∨
2
|τ)(λ
2
κβ −
Z
h∨
).
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This is a meromorphic function on h×H valued in D̂λ(g). It has only poles along the hyperplanes
⋃
α∈Φ+,τ∈H H˜α,τ.
Theorem C. The following D̂λ(g)-valued elliptic Casimir connection onM1,n is flat.
∇ = ∇Ell,C − ∆dτ
= ∇Ell,C +
 12πiH + 12πi
∑
n≥1
a2nE2n+2(τ)E2n − 1
2πi
∑
β∈Φ+
g(β, ad
xβ∨
2
|τ)(λ
2
κβ − Z
h∨
)
 dτ,
1.6. Monodromy conjecture. The monodromy of the elliptic Casimir connection yields an action of the
elliptic braid group on representations of Dλ(g). The following is an elliptic analogue of the description of
the monodromy of the rational (resp. trigonometric) connection of g in terms of the quantum Weyl group
operators of U~g (resp. the quantum loop algebra U~(Lg) [34, 37, 39, 38].
Conjecture 1.4. The monodromy of the elliptic Casimir connection ∇Ell,C is described by the quantum Weyl
group opg of the quantum toroidal algebra U~(g
tor).
1.7. Trigonometric degeneration. As the parameter τ tends to +i∞, the elliptic connection (1) degener-
ates to a trigonometric one. As we explain in §1.8, the corresponding degeneration of the elliptic Casimir
connection yields a homomorphism of the Yangian Y~g to the deformed double current algebra Dλ(g).
1.7.1. Recall first the general form of the trigonometric connections studied in [38]. Let G be the simply–
connected complex Lie group with Lie algebra g, and h/Q∨  H ⊂ G the maximal torus with Lie algebra h.
Let A be an algebra endowed with a set of elements {tα}α∈Φ such that t−α = tα, and a linear map X : h→ A.
Consider the A–valued connection on Hreg given by either of the following equivalent forms
∇trig = d −
∑
α∈Φ+
dα
eα − 1 tα − X(u
i) dui
= d − 1
2
∑
α∈Φ+
eα + 1
eα − 1dαtα − δ(u
i)dui (5)
where δ : h→ A is the linear map given by δ(u) = X(u) − 1
2
∑
α∈Φ+ α(u) tα. By [38, Thm. 2.5], ∇trig is flat if,
and only if the following relations hold
(1) For any rank 2 root subsystem Ψ ⊂ Φ, and α ∈ Ψ, [tα,
∑
β∈Ψ+ tβ] = 0.
(2) For any u, v ∈ h, [X(u), X(v)] = 0.
(3) For any α ∈ Φ+, w ∈ W such that w−1α is a simple root and u ∈ h, such that α(u) = 0,
[tα, Xw(u)] = 0,
where Xw(u) = X(u) −
∑
β∈Φ+∩wΦ− β(u)tβ.
Modulo (1), the relation (3) is equivalent to the following
(3)’ For α ∈ Φ+ and v ∈ h such that α(v) = 0, [tα, δ(v)] = 0.
Denote by tΦ
trig
the Lie algebra defined by the above relations, and note that tΦ
trig
is N–graded by deg(tα) =
1 = deg(X(u)) = deg(δ(u)).
1.7.2. Consider now the elliptic connection (1). As τ → +i∞, the functions θ(z|τ) and k(z, x|τ) tend to
eπiz − e−πiz
2πi
and 2πi
(
1
e2πiz − 1 +
e2πix
e2πix − 1 −
1
2πix
)
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respectively. This implies [40, Sect. 4] that ∇KZB,τ degenerates to the trigonometric connection
∇deg = d −
∑
α∈Φ+
2πidα
e2πiα − 1 tα −
∑
α∈Φ+
2πidα
 e2πi ad(
x
α∨
2
)
e2πi ad(
x
α∨
2
) − 1
− 1
2πi ad(
xα∨
2
)
 tα +∑
i
y(ui)dui
Consider the N–grading on tΦell induced by the N–bigrading via the homomorphism (a, b) → a, so that
deg(x(u)) = 1 = deg(tα) and deg(y(v)) = 0, and let t̂
Φ
trig
be the completion of tΦell with respect to this grading.
By universality of tΦ
trig
, the above degeneration gives rise to a map tΦ
trig
→ t̂Φell given by
tα 7→ tα and X(u) 7→ −y(u) + 2πi
∑
α∈Φ+
(α, u)
 e2πi ad(
x
α∨
2
)
e2πi ad(
x
α∨
2
) − 1
− 1
2πi ad(
xα∨
2
)
 tα (6)
1.8. A homomorphism Y~g→ Dλ(g).
1.8.1. Recall that the Yangian Y~g deforms the current algebra U(g[s]) [Dr1]. It is an associative algebra
over C[~] generated by elements x, J(x), x ∈ g subject to the relations in Definition 4.1, where J(x) ≡ x ⊗ s
mod ~. In particular, we have [x, J(y)] = J([x, y]), for any x, y ∈ g.
Drinfeld [Dr2] gave another realisation of Y~g, with generators {X±i,r,Hi,r}i∈I,r∈N subject to the relations
which are similar to the Kac-Moody presentation of an affine Lie algebra. The Lie subalgebra generated by
{Xi,0,Hi,0}i∈I is isomorphic to g, and Xi,1 ≡ x ⊗ s mod ~. See Theorem 4.8 for a minimal presentation of
Y~g in terms of {X±i,r,Hi,r}i∈I,r=0,1 given by Guay-Nakajima-Wendlandt. The isomorphism between the two
presentations of the Yangian is given by
X±i,1 = J(X
±
i ) − ~
(
± 1
4
∑
α∈Φ+
S
(
[X±i , X
±
α ], X
∓
α
) − 1
4
S (X±i ,Hi)
)
H±i,1 = J(H
±
i ) − ~
(1
4
∑
α∈Φ+
(αi, α)S (X
+
α , X
−
α ) −
H2
i
2
)
The trigonometric Casimir connection ∇trig,C of g defined in [38] is the Y~g–valued connection obtained
from the universal trigonometric connection (5) via a homomorphism tΦ
trig
→ Y~g given by tα 7→ ~κα and
δ(u) 7→ −2J(u) or equivalently X(αi) 7→ −2
(
Hi,1 −
~
2
H2i
)
1.8.2. Consider now the following diagram
t̂Φell
// D̂λ(g)
tΦ
trig
OO
// Y~g
OO✤
✤
✤
(7)
where the top horizontal arrow is the (completion of) the homomorphism corresponding to the elliptic
Casimir connection (Thm. A), the bottom horizontal one corresponds to the trigonometric Casimir con-
nection, and the left vertical arrow is the degeneration homomorphism (6).
We show in this paper that (7) can be completed to a commutative diagram via a homomorphism  :
Y~g → D̂λ(g). In particular, as τ → +i∞, the elliptic Casimir connection of g degenerates to the trigono-
metric connection of g, viewed as taking values in D̂λ(g) via the homomorphism . Specifically, choose root
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vectors Xα ∈ gα for any α ∈ Φ such that (Xα, X−α) = 1, and let {hi}, {hi} be dual bases of h. For any p, q ≥ 0,
let Ωp,q be the element of U(g[u]) defined by
Ωp,q =
∑
α∈Φ
(Xα ⊗ up)(X−α ⊗ uq) +
∑
i
(hi ⊗ up)(hi ⊗ uq) (8)
Theorem D (Theorem 4.4). There is a unique algebra homomorphism  : Y~g → D̂λ(g) such that the
diagram (7) commutes. It is given by ~ 7→ λ/2, X 7→ X, X ∈ g, and
J(X) 7→ 1
2
K(X) − λ
4
Q(X),∑
n≥0
c2n+1
∑
p+q=2n
(
2n
p
)
(−1)pΩp,q

where the constants c2n+1 are determined by the expansion πi
e2πix+1
e2πix−1 − 1x =
∑
n≥0 c2n+1x2n+1.
1.9. Rational Cherednik algebras. Recall that a finite–dimensional representation of g is small if 2α is not
a weight for any α ∈ Φ [5, 32, 33]. The rational Casimir connection of g, when taken with values in the zero
weight space V[0] of a small representation coincides with the Coxeter KZ connection of the corresponding
Weyl group with values in the W–module V[0], namely [35, §9]
∇CKZ = d −
∑
α∈Φ+
dα
α
kαsα
where kα = ~(α, α). A similar statement holds for the trigonometric connection ∇trig,C [38, §7]. Namely,
if V is a Y~g–module whose restriction to g is small, the zero weight space V[0] carries a natural action of
the degenerate affine Hecke algebra H ofW , and the restriction of ∇trig,C to V[0] coincides with Cherednik’s
affine KZ connection for H [10], up to abelian terms.
In this paper, we establish the elliptic analog of these statements by comparing the elliptic Casimir con-
nection ∇Ell,C to the elliptic connection valued in the rational Cherednik algebra of W constructed in [40].
Let H~,c be the rational Cherednik algebra ofW . H~,c is generated by the group algebra CW , together with
a copy of S h and S h∗, and depends on two sets of parameters (see [13], or Definition 5.1 for the defining
relations). In [40], we constructed a homomorphism tΦell → H~,c. This yields a flat, W–equivariant elliptic
connection valued in (a completion of) H~,c, which is given by
∇H~,c = d +
∑
α∈Φ+
2cα
(α|α)k(α, ad(
α∨
2
)|τ)sαdα −
∑
α∈Φ+
~
h∨
θ′(α|τ)
θ(α|τ) dα +
n∑
i=1
uidui
Let now V be a finite–dimensional representation of Dλ(g), whose restriction to g is small.
Theorem E (Theorem 5.3).
(1) The canonical W–action on the zero weight space V[0] together with the assignment
xu 7→ Q(u), yu′ 7→ K(u′), where xu, yu′ ∈ H~,c for u ∈ h, u′ ∈ h∗
yields an action of the rational Cherednik algebra H~,c on V[0].
(2) The elliptic Casimir connection with values in End(V[0]) is equal to the sum of the elliptic KZ
connection ∇H~,c and the scalar valued one-form
A = λ
2
∑
α∈Φ+
(
2h∨
l
+ h∨s
h∨
− (α, α)
)
θ′(α|τ)
θ(α|τ) dα,
where
2h∨
l
+h∨s
h∨ is a constant only depending on the root system Φ.
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1.10. (glk, gln) duality for the KZB and elliptic Casimir connections. Let Mk,n be the vector space of k×n
matrices, and C[Mk,n] its ring of regular functions. It was discovered in [34] that the commuting actions of
glk and gln on C[Mk,n] give rise to an identification of the rational KZ connection on n points for glk with
values in C[Mk,1]
⊗n
 C[Mk,n] with the rational Casimir connection for gln with values in C[Mk,n] [34].
A similar statement holds in the trigonometric case [16]. Namely, the trigonometric KZ connection
for glk with values in C[Mk,1]
⊗n, which depends upon an additional diagonal matrix s = diag(s1, . . . , sk),
coincides with the trigonometric Casimir connection of gln, when C[Mk,n] is regarded as the tensor product
C[M1,n](r1) ⊗ · · · ⊗ C[M1,n](rk) of k evaluation modules of the Yangian Y~gln, where each evaluation point
ri is a function of si.
In this paper, we prove that (glk, gln) duality identifies the (elliptic) KZB connection for glk [6, 14], and
the elliptic Casimir connection for gln.
1.10.1. Let hk ⊂ glk be the Cartan subalgebra of glk, and denote by hregk the set of diagonal matrices in hk
with distinct eigenvalues. Then, C[h
reg
k
]⊗C[Mk,n] is a module over Bn = Diff(hregk )⊗U(glk)⊗n. LetH(glk, hk)
be the Hecke algebra associated to (glk, hk) introduced in [8]. By definition, H(glk, hk) is a subquotient of
Bn = Diff(h
reg
k
) ⊗ U(glk)⊗n (see [8, Section 6.3], or Definition 6.1). In particular, the zero weight space
C[h
reg
k
] ⊗ C[Mk,n][0] is a module overH(glk, hk).
Let t1,n be the Lie algebra with generators {xi, yi}ni=1 and {ti j}1≤i< j≤n (see [8, Section 6.3], or Sect. 6). t1,n
is a split central extension of t
An−1
ell for the root system An−1, with kernel spanned by x =
∑
i xi and y =
∑
i yi.
In [8, Prop. 41], the authors construct an algebra homomorphism t1,n → H(glk, hk) ⊂ Bn/Bnhdiagk , which
factors through t
An−1
ell
and is given by
xi 7→
k∑
a=1
xa ⊗ E(i)aa, yi 7→ −
k∑
a=1
∂a ⊗ E(i)aa +
n∑
j=1
∑
1≤a,b≤k
1
xb − xa
⊗ E(i)
ab
E
( j)
ba
ti j 7→
∑
1≤a,b≤k
E
(i)
ab
E
( j)
ba
This gives rise in particular to an elliptic connection with values in the zero weight space C[h
reg
k
]⊗C[Mk,n][0].
As pointed out in [8], this connection coincides with the KZB connection for glk on n points defined in
[6, 14].
1.10.2. Consider now the double deformed current algebra Dλ,β(sln) for sln ([19] and 3.3). The latter
depends in fact on two parameters λ, β.
Theorem F (Theorem 6.7). The following define an action of the deformed double current algebra Dλ,− n
4
λ(sln)
on C[h
reg
k
] ⊗ C[M1,n]⊗k: for 1 ≤ i , j ≤ n, Ei j acts by 1 ⊗
∑k
a=1(Ei j)
(a) and
K(Ei j) acts by
k∑
a=1
xa ⊗ (Ei j)(a),
Q(Ei j) acts by −
k∑
a=1
∂a ⊗ (Ei j)(a) +
∑
1≤a,b≤k
1
xb − xa
⊗ (
n∑
e=1
(Eie)
(a)(Ee j)
(b) + (Ei j)
(a)).
By composing with the homomorphism t
An−1
ell → Dλ,− n4λ(sln), Theorem F gives rise to an elliptic Casimir
connection for sln, with values in End(C[h
reg
k
] ⊗ C[Mk,n]).
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1.10.3. The following result arises by comparing explicitly the two actions of t
An−1
ell on (C[h
reg
k
]⊗C[Mk,n][0].
Theorem G (Theorem 6.9). The KZB connection on n points for glk with values in C[h
reg
k
] ⊗ C[Mk,1]⊗n[0]
coincides with the sum of
(1) the elliptic Casimir connection for sln with parameters λ,− n4λwith values in (C[h
reg
k
]⊗C[M1,n]⊗k)[0]
and
(2) the closed abelian one–form given by
A =
∑
1≤i< j≤n
θ′(zi − z j|τ)
θ(zi − z j|τ)
(Eii + E j j
n
− 1
n2
)
dzi j.
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2. The universal elliptic connection of a root system
In this section, we briefly review the Universal Knizhnik-Zamolodchikov-Bernard (KZB) connection
associated to any finite (reduced, crystallographic) root system Φ constructed in [40].
2.1. The Lie algebra tΦell. Let h be a Euclidean vector space, Φ ⊂ h∗ a reduced, crystallographic root system.
Let Q ⊂ h∗ be the root lattice generated by the roots {α | α ∈ Φ} and P ⊂ h∗ be the corresponding weight
lattice. Let Q∨ ⊂ h be the coroot lattice generated by the coroots α∨, with the inner product (α∨, α) = 2. The
coroot lattice is dual to the weight lattice P. Let P∨ ⊂ h be the dual lattice of Q, called the coweight lattice.
Definition 2.1. Let tΦ
ell
be the Lie algebra generated by a set of elements {tα}α∈Φ, such that tα = t−α, and two
linear maps x : h→ A, y : h→ A. Those generators satisfy the following relations:
(1) For any root subsystem Ψ of Φ (that is, 〈Ψ〉Z ∩Φ = Ψ), we have
[tα,
∑
β∈Ψ+
tβ] = 0.
(2) [x(u), x(v)] = 0, [y(u), y(v)] = 0, for any u, v ∈ h;
(3) [y(u), x(v)] = Σγ∈Φ+〈v, γ〉〈u, γ〉tγ.
(4) [tα, x(u)] = 0, [tα, y(u)] = 0, if 〈α, u〉 = 0.
The Lie algebra tΦell is bigraded, with grading deg(x(u)) = (1, 0), deg(y(v)) = (0, 1), and deg(tα) = (1, 1),
for any u, v ∈ h and α ∈ Φ.
2.2. Theta functions. In this subsection, we recall some basic facts about theta functions that will be used
in the paper.
Let Λτ := Z + Zτ ⊂ C and H be the upper half plane, i.e. H := {z ∈ C | Im(z) > 0}. The following
properties of θ(z|τ) uniquely characterize the theta function θ(z|τ):
(1) θ(z|τ) is a holomorphic function C × H→ C, such that {z | θ(z|τ) = 0} = Λτ.
(2) ∂θ
∂z
(0|τ) = 1.
(3) θ(z + 1|τ) = −θ(z|τ) = θ(−z|τ), and θ(z + τ|τ) = −e−πiτe−2πizθ(z|τ).
(4) θ(z|τ + 1) = θ(z|τ), while θ(−z/τ| − 1/τ) = −(1/τ)e(πi/τ)z2θ(z|τ).
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(5) Let q := e2πiτ and η(τ) := q1/24
∏
n≥1(1 − qn). If we set ϑ(z|τ) := η(τ)3θ(z|τ), then ϑ(z|τ) satisfies the
differential equation
∂ϑ(z, τ)
∂τ
=
1
4πi
∂2ϑ(z, τ)
∂z2
.
We have the product formula of θ(z|τ):
θ(z|τ) = u 12
∏
s>0
(1 − qsu)
∏
s≥0
(1 − qsu−1) 1
2πi
∏
s>0
(1 − qs)−2, (9)
where u = e2πiz.
2.3. Principal bundles on elliptic configuration space. Consider the elliptic curve Eτ := C/Λτ with mod-
ular parameter τ < R. Let T := h/(Q∨ ⊕ τQ∨), which non-canonically isomorphic to Enτ, for n = rank(Q∨).
For any root α ∈ Q ⊂ h∗, the linear map α : h = Q∨ ⊗Z C→ C induces a natural map
χα : h/(Q
∨ ⊕ τQ∨) → Eτ.
Denote kernel of χα by Tα, which is a divisor of T . We refer to Treg = T\
⋃
α∈Φ Tα as the elliptic configuration
space associated to Φ. If E = Rn with standard coordinates {ǫi}, and Φ = {ǫi − ǫ j}1≤i, j≤n ⊂ E∗ is the root
system of type An−1, Treg is the configuration space of n ordered points on the elliptic curve Eτ.
The Lie algebra tΦ
ell
is positively bi-graded. Let t̂Φ
ell
be the (pro–nilpotent) completion of tΦ
ell
with respect
to the grading given by deg(x(u)) = 1 = deg(y(u)), and deg(tα) = 2, and exp(t̂
Φ
ell) is the corresponding
pro–unipotent group. We now describe a principal bundle Pτ,n on the elliptic configuration space Treg with
structure group exp(t̂Φell).
The lattice Λτ ⊗ Q∨ acts on h = C ⊗ Q∨ by translations, and T = h/Λτ ⊗ Q∨ is the quotient of h by this
action of Λτ ⊗ Q∨. For any g ∈ exp(t̂Φell), and the standard basis {α∨i }1≤i≤n of Q∨, we define an action of
Λτ ⊗ Q∨ on exp(t̂Φell) by
α∨i (g) = g and τα
∨
i (g) = e
−2πix(α∨
i
)g.
The twisted product P˜ := h×Λτ⊗Q∨ exp(t̂Φell) is a principal bundle over T with structure group exp(t̂Φell). Denote
by Pτ,n the restriction of this bundle P˜ on Treg ⊂ T .
In other words, let π : h → h/(Q∨ ⊕ τQ∨) be the natural projection. For an open subset U ⊂ Treg, the
sections of Pτ,n on U are given by
{ f : π−1(U) → exp(t̂Φ
ell
) | f (z + α∨i ) = f (z), f (z + τα∨i ) = e−2πix(α
∨
i
) f (z)}.
2.4. The universal KZB connection. In this subsection, we recall the universal KZB connection associated
to root system Φ in [40]. As in [8, 40], we set
k(z, x|τ) := θ(z + x|τ)
θ(z|τ)θ(x|τ) −
1
x
. (10)
For a fixed τ, the function k(z, x|τ) belongs to Hol(C − Λτ)[[x]], which is holomorphic in x in the neighbor-
hood of x = 0. For xu ∈ tΦell, substituting x = ad xu in (10), we get a linear map tΦell → (tΦell ⊗ Hol(C − Λτ))∧,
where (−)∧ is taking the completion.
We consider the t̂Φ
ell
−valued connection on Treg:
∇KZB,τ = d −
∑
α∈Φ+
k(α, ad(
xα∨
2
)|τ)(tα)dα +
n∑
i=1
y(ui)dui, (11)
where Φ+ ⊂ Φ is a chosen system of positive roots, {ui}, and {ui} are dual basis of h∗ and h respectively.
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Note that the form (11) is independent of the choice of Φ+. It follows from the equality k(z, x|τ) =
−k(−z,−x|τ), which is a direct consequence of the fact that theta function θ(z|τ) is an odd function.
Let W be the Weyl group generated by reflections {sα | α ∈ Φ}. Assume there is an action of W on tΦell.
Theorem 2.2. [40, Theorem A]
(1) The connection ∇KZB,τ (11) is flat if and only if the relations (1)-(4) in tΦell hold.
(2) The connection ∇KZB,τ is W-equivariant if and only if the relations hold:
sα(tγ) = tsα(γ), sα(x(u)) = x(sαu), sα(y(v)) = y(sαv).
3. The elliptic Casimir connection
3.1. The deformed double current algebras. We assume g is a semisimple Lie algebra of rank ≥ 3. The
deformed double current algebras associated to g are introduced by Guay in [19] for g = sln with n ≥ 4 and
in [20] for an arbitrary simple Lie algebra g of rank ≥ 3, and g , sl3. It is a deformation of the universal
central extension of U(g[u, v]). The double loop presentations of the deformed double current algebras are
established in [19] for g = sln, n ≥ 4 and in [22] for any simple Lie algebra g, with rank(g) ≥ 3 and [23] for
the g = sl2, sl3.
We briefly recall the results here. Let (·, ·) be the Killing form on g and let X±
i
,Hi, 1 ≤ i ≤ N be the
Chevalley generators of g normalized so that (X+
i
, X−
i
) = 1 and [X+
i
, X−
i
] = Hi. For each positive root
α ∈ Φ+, we choose generators X±α of g±α such that (X+α , X−α ) = 1 and X±αi = X±i . If α > 0, set Xα = X+α ; if
α < 0, set Xα = X
−
−α.
Definition 3.1. [22, Definition 2.2] Assume g has rank ≥ 3, and g , sl3. The deformed double current
algebra Dλ(g) is generated by elements X, K(X), Q(X), P(X), X ∈ g, such that
(1) K(X), X ∈ g generate a subalgebra which is an image of g ⊗C C[v] with X ⊗ v 7→ K(X);
(2) Q(X), X ∈ g generate a subalgebra which is an image of g ⊗C C[u] with X ⊗ u 7→ Q(X);
(3) P(X) is linear in X, and for any X, X′ ∈ g, [P(X), X′] = P[X, X′].
and the following relations hold for all root vectors Xβ1 , Xβ2 ∈ g with β1 , −β2:
[K(Xβ1),Q(Xβ2 )] = P([Xβ1 , Xβ2]) − λ
(β1, β2)
4
S (Xβ1 , Xβ2) +
λ
4
∑
α∈Φ
S ([Xβ1 , Xα], [X−α, Xβ2]), (12)
where S (a1, a2) = a1a2 + a2a1 ∈
Ug.
When g = sln, the deformed double current algebra Dλ,β(sln) has two deformation parameters λ, β. Let
{ǫ1, . . . , ǫn} be the standard orthogonal basis of Cn. The set of roots of sln is denoted by Φ = {ǫi − ǫ j | 1 ≤ i ,
j ≤ n}, with a choice of positive roots Φ+ = {ǫi−ǫ j | 1 ≤ i < j ≤ n}. The longest positive root θ equals ǫ1−ǫn.
The elementary matrices will be written as Ei j ∈ sln. So X+i = Ei,i+1, X−i = Ei,i−1 and Hi = Eii − Ei+1,i+1 for
2 ≤ i ≤ n − 1. We set Eθ = E1n.
In the defining relation of Dλ,β(sln), the relation (12) is modified to the following (see [22, Definition
5.1]).
[K(Eab),Q(Ecd)] = P([Eab, Ecd]) + (β −
λ
2
)(δbcEad+δadEcb) −
λ
4
(ǫa − ǫb, ǫc − ǫd)S (Eab, Ecd) (13)
+
λ
4
∑
1≤i, j≤n
S ([Eab, Ei j], [E ji, Ecd]).
When β = λ
2
, the relation (13) coincides with the relation (12).
The following equivalent relation of the defining relation (13) of Dλ,β(sln) is useful in Section 6.2.
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Lemma 3.2. In Dλ,β(sln), the relation (13) is equivalent to
[K(Eab),Q(Ecd)] = P([Eab, Ecd]) +
λ
2
∑
1≤ j≤n
δbcEa jE jd +
λ
2
∑
1≤i≤n
δadEciEib
− λEadEcb + (β −
λ
2
− λ
4
n)(δbcEad + δadEcb). (14)
Proof. It follows from a straightforward computation. For the convenience of the readers, we include a
proof here. Assume 1 ≤ a , b ≤ n, 1 ≤ c , d ≤ n, and (a, b) , (d, c). We expand the right hand side of (13)
using the basic equality [Ei j, Ekl] = δ jkEil − δliEk j as follows. We have
[K(Eab),Q(Ecd)] − P([Eab, Ecd])
=(β − λ
2
)(δbcEad + δadEcb) − λ
4
(ǫab, ǫcd)S (Eab, Ecd) +
λ
4
∑
1≤i, j≤n
S ([Eab, Ei j], [E ji, Ecd])
=(β − λ
2
)(δbcEad + δadEcb) − λ
4
(δac − δad − δbc + δbd)S (Eab, Ecd) + λ
4
∑
1≤i, j≤n
S (δbiEa j − δa jEib, δicE jd − δ jdEci)
=(β − λ
2
)(δbcEad + δadEcb) −
λ
4
(δac − δad − δbc + δbd)S (Eab, Ecd)
+
λ
4
∑
1≤i, j≤n
(
δbiδicS (Ea j, E jd) − δbiδ jdS (Ea j, Eci) − δa jδicS (Eib, E jd) + δa jδ jdS (Eib, Eci)
)
=(β − λ
2
)(δbcEad + δadEcb) − λ
4
(δac − δad − δbc + δbd)S (Eab, Ecd)
+
λ
4
∑
1≤ j≤n, j,b
δbcS (Ea j, E jd) −
λ
4
(1 − δbd)S (Ead, Ecb) −
λ
4
(1 − δac)S (Ecb, Ead) +
λ
4
∑
1≤i≤n,i,a
δadS (Eib, Eci)
=(β − λ
2
)(δbcEad + δadEcb) +
λ
4
∑
1≤ j≤n
δbcS (Ea j, E jd) +
λ
4
∑
1≤i≤n
δadS (Eib, Eci) − λ
2
S (Ead, Ecb) (15)
We simplify (15) using the assumptions on the indices a, b, c, d. As [Ead, Ecb] = δdcEab − δabEcd = 0, we
write S (Ead, Ecb) = 2EadEcb. As [Eci, Eib] = Ecb − δcbEii, we write S (Eci, Eib) = 2EciEib − (Ecb − δcbEii).
As [Ea j, E jd] = Ead − δadE j j, we write S (Ea j, E jd) = 2Ea jE jd − (Ead − δadE j j). Plugging those equalities
into (15), we have
(15) =(β − λ
2
)(δbcEad + δadEcb) +
λ
4
∑
1≤ j≤n
δbc
(
2Ea jE jd − (Ead − δadE j j)
)
+
λ
4
∑
1≤i≤n
δad
(
2EciEib − (Ecb − δcbEii)
)
− λ
2
(
2EadEcb)
)
=(β − λ
2
)(δbcEad + δadEcb) +
λ
2
∑
1≤ j≤n
δbcEa jE jd −
λ
4
nδbcEad +
λ
4
δbcδad
∑
1≤ j≤n
E j j
+
λ
2
∑
1≤i≤n
δadEciEib −
λ
4
nδadEcb +
λ
4
δadδcb
∑
1≤i≤n
Eii − λEadEcb
=
λ
2
∑
1≤ j≤n
δbcEa jE jd +
λ
2
∑
1≤i≤n
δadEciEib − λEadEcb + (β −
λ
2
− λ
4
n)(δbcEad + δadEcb)
The last equality follows from the assumption that ǫa − ǫb , ǫd − ǫc. Therefore, we have δadδbc = 0. This
completes the proof. 
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For any root β ∈ Φ of g, set
Z(β) := [K(Hβ),Q(Hβ)] −
λ
4
∑
α∈Φ
S ([Hβ, Xα], [X−α,Hβ]) ∈ Dλ(g).
Theorem 3.3. [22, Proposition 4.1] In the deformed double current algebra Dλ(g), we have
(1) For any two roots β, γ ∈ Φ of g, we have Z(β)
(β,β)
=
Z(γ)
(γ,γ)
, In particular, Z :=
Z(β)
(β,β)
is independent of the
choices of β ∈ Φ.
(2) The element Z is central in Dλ(g).
In the case of the deformed double current algebra Dλ,β(sln) in type An−1 with two parameters. Set
Zn :=
n∑
a=1
Za,a+1 =
n∑
a=1
[K(Ha),Q(Ha)] − λ4
∑
1≤i, j≤n
S ([Ha, Ei j], [E ji,Ha])
 ,
where (a, a + 1) = (n, 1), when a = n.
Zab,cd := [K(Hab),Q(Hcd)] −
λ
4
∑
1≤i, j≤n
S ([Hab, Ei j], [E ji,Hcd]).
Wab := [K(Eab),Q(Eba)] − P(Hab) −
λ
4
∑
1≤i, j≤n
S ([Eab, Ei j], [E ji, Eba]) −
λ
2
S (Eab, Eba)
and denote Zab,ab by Zab for short.
Proposition 3.4. [22, Proposition 5.1 and Theorem 5.1]
(i) The element Zn is central in Dλ,β(sln).
(ii) For any 1 ≤ a , b ≤ n, and 1 ≤ c , b ≤ n, the following relations hold in D(sln), n ≥ 4.
Zab,cd = (ǫc − ǫd, ǫa − ǫb)Wab + (β −
λ
2
)(ǫa + ǫb, ǫc − ǫd)Hab.
In particular, we have Zab = 2Wab for any 1 ≤ a , b ≤ n. When a, b, c, d are distinct, we have
Zab,cd = 0.
(iii) For 1 ≤ a , b ≤ n, and 1 ≤ c , d ≤ n, in Dλ,β(sln), n ≥ 4, we have:
Wab −Wcd = (β −
λ
2
)(Hac + Hbd), and Zab − Zcd = 2(β −
λ
2
)(Hac + Hbd)
3.2. The elliptic Casimir connection valued in Dλ(g). We construct the elliptic Casimir connection with
values in the deformed double current algebra Dλ(g) by constructing an algebra homomorphism from t
Φ
ell to
Dλ(g).
Proposition 3.5. There is an algebra homomorphism from tΦell → Dλ(g), given by, for h, h′ ∈ h,
x(h) 7→ Q(h), y(h′) 7→ K(h′), and tα 7→ λ
2
κα +
Z
h∨
,
where κα := X
+
αX
−
α + X
−
αX
+
α is the truncated Casimir operator, h
∨ is the dual Coxeter number, and Z is the
central element in Theorem 3.3.
Proof. We only prove that the homomorphism preserves the relation [y(u), x(v)] = Σγ∈Φ+〈v, γ〉〈u, γ〉tγ of tΦell.
All other relations are obviously preserved, proof of which is left as an exercise to the reader.
As a consequence of Theorem 3.3, for any h, h′ ∈ h, we have:
[K(h),Q(h′)] =
λ
4
∑
α∈Φ
S ([h, Xα], [X−α, h]) + (h, h′)Z =
λ
2
∑
α∈Φ+
(h, α)(h′, α)κα + (h, h′)Z.
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The claim now follows from the following equality in [40, Lemma 10.4] that
(h, h′) =
1
h∨
∑
α∈Φ+
(α, h)(α, h′), for all h, h′ ∈ h,
where h∨ is the dual Coxeter number. Therefore,
[K(h),Q(h′)] =
∑
α∈Φ+
(h, α)(h′, α)
(
λ
2
κα +
Z
h∨
)
.
This completes the proof.

Theorem 3.6. The elliptic Casimir connection valued in the deformed double current algebra Dλ(g)
∇Ell,C = d −
λ
2
∑
α∈Φ+
k(α, ad(
Q(α∨)
2
)|τ)(κα)dα −
∑
α∈Φ+
θ′(α|τ)
θ(α|τ)
Z
h∨
dα +
n∑
i=1
K(ui)dui
is flat and W-equivariant.
Proof. By Theorem 3.3, Z is in the center of Dλ(g). Therefore, ad(
Q(α∨)
2
)n(Z) = 0, for all positive n ∈ N.
Recall the function k(z, x|τ) is given by
k(z, x|τ) = θ(z + x|τ)
θ(z|τ)θ(x|τ) −
1
x
∈ Hol(C − Λτ)[[x]],
and it is holomorphic in the neighborhood of x = 0. Using the fact that θ(z) is an odd function, we have
θ(0) = θ′′(0) = 0, and θ′(0) = 1. A simple computation shows limx→0 k(z, x|τ) = θ
′(z)
θ(z)
. In other words,
viewing k(z, x|τ) as a function in x, the constant term of k(z, x|τ) with respect to x is then given by θ′(z)
θ(z)
.
Hence
k(α, ad(
Q(α∨)
2
)|τ)(Z) = θ
′(α|τ)
θ(α|τ) (Z).
The conclusion now follows from the criterion in Theorem 2.2 and Proposition 3.5.

3.3. The elliptic Casimir connection valued in Dλ,β(sln). In this section, we consider the type A case with
two deformation parameters λ, β. We construct the elliptic Casimir connection with values in Dλ,β(sln) by
constructing an algebra homomorphism from tΦell to Dλ,β(sln).
Proposition 3.7. Let Zn be the central element of Dλ,β(sln) constructed in Proposition 3.4. There is a
morphism of algebras tΦell → Dλ,β(sln), which is given by:
x(u) 7→ K(u), y(u) 7→ Q(u),
ti j 7→
λ
2
(Ei jE ji + E jiEi j) +
Zn
2n2
+ 2(β − λ
2
)
(Eii + E j j
n
− 2
n2
n∑
e=1
Eee
)
.
As a direct consequence, we have
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Theorem 3.8. The elliptic Casimir connection with two parameters λ, β valued in the deformed double
current algebra Dλ,β(sln)
∇Ell,C = d − λ
2
∑
1≤i, j≤n
k(zi − z j, adK(ui)|τ)(Ei jE ji + E jiEi j))dzi j +
n∑
i=1
Q(ui)dzi (16)
−
∑
1≤i, j≤n
θ′(zi − z j|τ)
θ(zi − z j|τ)
 Zn2n2 + 2(β − λ2 )
(Eii + E j j
n
− 2
n2
n∑
e=1
Eee
) dzi j,
is flat and S n–equivariant.
For the rest of this subsection, we prove Proposition 3.7.
Using Proposition 3.4, we express Zab,cd in terms of the central element Zn and elements in the Cartan
subalgebra of sln as follows.
Lemma 3.9. We have
Zab,cd = (ǫa − ǫb, ǫc − ǫd)Zn
2n
+ 2(β − λ
2
)(δac − δad)(Eaa − 1
n
n∑
e=1
Eee) − 2(β − λ
2
)(δbc − δbd)(Ebb − 1
n
n∑
e=1
Eee).
Proof. By Proposition 3.4(iii), we have Zab − Z12 = 2(β − λ2 )(Ha1 + Hb2). This implies
Zn =
n∑
e=1
Ze,e+1 =
n∑
e=1
(
Z12 + 2(β −
λ
2
)(He1 + He+1,2)
)
= nZ12 + 2(β −
λ
2
)
n∑
e=1
(He1 + He+1,2).
Using Proposition 3.4(iii), we have
Wab =
Z12
2
+ (β − λ
2
)(Ha1 + Hb2) =
Z − 2(β − λ
2
)
∑n
e=1(He1 + He+1,2)
2n
+ (β − λ
2
)(Ha1 + Hb2)
=
Z
2n
+ (β − λ
2
)(Eaa + Ebb − 2
n
n∑
e=1
Eee)
Thus, by Proposition 3.4(ii),
Zab,cd =(ǫc − ǫd, ǫa − ǫb)Wab + (β −
λ
2
)(ǫa + ǫb, ǫc − ǫd)Hab
=(ǫc − ǫd, ǫa − ǫb)
Zn2n + (β − λ2 )(Eaa + Ebb − 2n
n∑
e=1
Eee)
 + (β − λ2 )(ǫa + ǫb, ǫc − ǫd)Hab
=(ǫa − ǫb, ǫc − ǫd)
Zn
2n
+ 2(β − λ
2
)(δac − δad)(Eaa −
1
n
n∑
e=1
Eee) − 2(β −
λ
2
)(δbc − δbd)(Ebb −
1
n
n∑
e=1
Eee)
This completes the proof. 
Lemma 3.10. We have the following identity, for any 1 ≤ a, b, c, d ≤ n,∑
i, j
(ǫab, ǫi j)(ǫi j, ǫcd)
(Eii + E j j
n
− 2
n2
n∑
e=1
Eee
)
= 2(δac − δad)(Eaa −
1
n
n∑
e=1
Eee) − 2(δbc − δbd)(Ebb −
1
n
n∑
e=1
Eee).
Proof. The identity follows from a direct computation. For the convenience of the reader, we include a proof
here. Set ǫab = ǫa − ǫb. We simplify the left hand side using the identity:
(ǫab, ǫi j)(ǫi j, ǫcd) = (δai − δa j − δbi + δb j)(δic − δid − δ jc + δ jd).
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After simplification, we have:∑
i, j
(ǫab, ǫi j)(ǫi j, ǫcd)
(Eii + E j j
n
− 2
n2
n∑
e=1
Eee
)
=2
∑
j
(δac − δad)
(Eaa + E j j
n
− 2
n2
n∑
e=1
Eee
)
− 2
∑
j
(δbc − δbd)
(Ebb + E j j
n
− 2
n2
n∑
e=1
Eee
)
=2(δac − δad)(Eaa − 1
n
n∑
e=1
Eee) − 2(δbc − δbd)(Ebb − 1
n
n∑
e=1
Eee).
Thus, the conclusion follows. 
Proof of Proposition 3.7. Using the identity
(ǫab, ǫcd) =
1
n
∑
i< j
(ǫab, ǫi j)(ǫi j, ǫcd),
together with Lemma 3.9, Lemma 3.10, we have
Zab,cd =(ǫa − ǫb, ǫc − ǫd)Zn
2n
+ 2(β − λ
2
)(δac − δad)(Eaa − 1
n
n∑
e=1
Eee) − 2(β − λ
2
)(δbc − δbd)(Ebb − 1
n
n∑
e=1
Eee)
=
∑
i< j
(ǫab, ǫi j)(ǫi j, ǫcd)
Zn
2n2
+
∑
i< j
(ǫab, ǫi j)(ǫi j, ǫcd)2(β −
λ
2
)
(Eii + E j j
n
− 2
n2
n∑
e=1
Eee
)
By the definition of Zab,cd, we get:
[K(Hab),Q(Hcd)] =
∑
i< j
(ǫab, ǫi j)(ǫi j, ǫcd)
λ2 (Ei jE ji + E jiEi j) + Zn2n2 + 2(β − λ2 )
(Eii + E j j
n
− 2
n2
n∑
e=1
Eee
)
Thus, the map tΦell → Dλ,β(sln) is well-defined. This completes the proof of Proposition 3.7. 
4. Yangians and the deformed double current algebra
In this section, we show that as the imaginary part of τ approaches ∞, the connection ∇Ell,C degenerates
to a trigonometric connection of the form considered in [38]. This gives a map from the trigonometric Lie
algebra Atrig to a completion of Dλ(g). We define the following grading of Dλ(g)
deg(X) = 0, deg(K(X)) = 0, deg(Q(X)) = 1, and deg(λ) = 1.
Let D̂λ(g) be the completion of Dλ(g) with respect to this grading. We expect this map Atrig → D̂λ(g)
extends to a map from the Yangian Y~g to D̂λ(g).
4.1. Trigonometric Casimir connection. Toledano Laredo constructed the trigonometric Casimir con-
nection by specializing the universal trigonometric connection ∇trig (5). It is obtained via a Lie algebra
homomorphism from the coefficient algebra Atrig of ∇trig to the Yangian of g. We now recall it here.
Let H = HomZ(Q,C
∗) be the complex algebraic torus with Lie algebra h and coordinate ring given by the
group algebra CQ. We denote the function corresponding to λ ∈ Q by eλ ∈ C[H], and set
Hreg = H \
⋃
α∈Φ
{eα = 1}
to be the complement of the root hypertori of the maximal torus H.
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This trigonometric Casimir connection ∇trig,C is a connection on the trivial vector bundle Hreg ×V , where
the fiber V is a finite-dimensional representation of the Yangian Y~g, which is a deformation of U(g[s]).
Definition 4.1. The Yangian Y~g is the associative algebra over C[~] generated by elements x, J(x), x ∈ g
subject to the relations:
(1) λx + µy (in Y(g)) = λx + µy ( in g).
(2) xy − yx = [x, y].
(3) J(λx + µy) = λJ(x) + µJ(y).
(4) [x, J(y)] = J([x, y]).
(5) [J(x), J([y, z])] + [J(z), J([x, y])] + [J(y), J([z, x])] = ~2([x, xa], [[y, xb], [z, xc]]){xa, xb, xc}.
(6) [[J(x), J(y)], [z, J(w)]] + [[J(z), J(w)], [x, J(y)]] = ~2([x, xa], [[y, xb], [[z,w], xc]]){xa, xb, J(xc)},
for any x, y, z,w ∈ g and λ, µ ∈ C, where {xa}, {xa} are dual bases of g with respect to (, ) and
{z1, z2, z3} =
1
24
∑
σ∈S 3
zσ(1)zσ(2)zσ(3).
Theorem 4.2 ([38]). The trigonometric Casimir connection valued in Y~g
∇trig,C = d − πi~
∑
α∈Φ+
e2πiα + 1
e2πiα − 1dα κα + 2dui J(u
i)
is flat and W-equivariant.
4.2. In this section, we describe the degeneration of the elliptic Casimir connection ∇Ell,C as the imaginary
part of τ tends to∞.
Let q = e2πiτ. As Im τ → +∞, we have q → 0. Using the product formula (9) of theta function, one can
show that (see also [40])
k(α, ad(
xα∨
2
)|τ) −→2πi
 1e2πiα − 1 + e
2πi ad(
x
α∨
2
)
e2πi ad(
x
α∨
2
) − 1
 − 1ad( xα∨
2
)
.
Therefore, the connection ∇Ell,C degenerates to the following.
∇Ell,C →d −
∑
α∈Φ+
(
2πi
 1e2πiα − 1 + e
2πi ad(
Q(α∨)
2 )
e2πi ad(
Q(α∨)
2
) − 1
 − 1
ad(
Q(α∨)
2
)
)(λ
2
κα +
Z
h∨
)
dα +
n∑
i=1
K(ui)dui
=d −
∑
α∈Φ+
 λπiκαe2πiα − 1 + λ2
( 2πie2πi ad( Q(α∨)2 )
e2πi ad(
Q(α∨)
2
) − 1
− 1
ad(
Q(α∨)
2
)
)
κα +
(e2πiα + 1
e2πiα − 1
)
πi
Z
h∨
 dα +
n∑
i=1
K(ui)dui
=d −
∑
α∈Φ+
λπi2 e
2πiα + 1
e2πiα − 1κα +
λ
2
(
πi
e2πi ad(
Q(α∨)
2
) + 1
e2πi ad(
Q(α∨)
2
) − 1
− 1
ad(
Q(α∨)
2
)
)
κα +
(e2πiα + 1
e2πiα − 1
)
πi
Z
h∨
 dα +
n∑
i=1
K(ui)dui.
Note that the constant term of 2πie
2πi ad(
x
α∨
2
)
e
2πi ad(
x
α∨
2
)−1
− 1
ad(
x
α∨
2
)
is πi. This gives the following.
Proposition 4.3. As Im τ → +∞, the elliptic Casimir connection ∇Ell,C degenerates to the following flat
connection ∇˜:
∇˜ = d −
∑
α∈Φ+
λπi2 e
2πiα + 1
e2πiα − 1κα +
λ
2
(
πi
e2πi ad(
Q(α∨)
2
) + 1
e2πi ad(
Q(α∨)
2
) − 1
− 1
ad(
Q(α∨)
2
)
)
κα +
(e2πiα + 1
e2πiα − 1
)
πi
Z
h∨
 dα +
n∑
i=1
K(ui)dui.
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By the universality of the trigonometric connection ∇trig (5), Proposition 4.3 induces a map from the
trigonometric Lie algebra Atrig to the completion of Dλ(g), given by tα 7→ κα, and for h ∈ h,
δ(h) 7→ −K(h) +
∑
α∈Φ+
(α, h)
λ2
(
πi
e2πi ad(
Q(α∨)
2 ) + 1
e2πi ad(
Q(α∨)
2
) − 1
− 1
ad(
Q(α∨)
2
)
)
κα +
(e2πiα + 1
e2πiα − 1
)
πi
Z
h∨
 .
Note that the morphism Atrig → D̂λ(g) is not unique. For example, the assignment tα 7→ κα, and
δ(h) 7→ −K(h) + λ
2
∑
α∈Φ+
(α, h)
πie2πi ad(
Q(α∨)
2
) + 1
e2πi ad(
Q(α∨)
2
) − 1
− 1
ad(
Q(α∨)
2
)
 κα
also defines a morphism Atrig → D̂λ(g). Indeed, the element Z ∈ Dλ(g) is central. The relation
[tα, δ(h)] = 0, if α(h) = 0
in Atrig is preserved if we shift the image of δ(h) by the central element Z.
4.3. We have the following diagram
Atrig //

D̂λ(g)
Y~g
88q
q
q
q
where the horizontal map Atrig → D̂λ(g) follows from the degeneration of the elliptic Casimir connection,
and the vertical map Atrig → Y~g gives the trigonometric Casimir connection in [38]. We show that the Lie
algebra homomorphism Atrig → D̂λ(g) extends to an algebra homomorphism Y~g → D̂λ(g). In this section,
we give an explicit formula for this extension.
Theorem 4.4. The following assignment gives an algebra morphism Y~g → D̂λ(g): ~ 7→ λ2 , and for any
X ∈ g,
X 7→ X, J(X) 7→ 1
2
K(X) − λ
4
[
Q(X),
∑
n≥0
c2n+1
∑
p+q=2n
(
2n
p
)
(−1)pΩp,q
]
,
where
Ωp,q :=
∑
α∈Φ
(Xα ⊗ up)(X−α ⊗ uq) +
∑
i
(hi ⊗ up)(hi ⊗ uq),
and the constants c2n+1 are the coefficients of the expansion πi
e2πix+1
e2πix−1 − 1x =
∑
n≥0 c2n+1x2n+1.
We first explain how to obtain the formula in Theorem 4.4. We require that, when restricting on the
enveloping algebra Ug ⊂ Y~g of g, the map is an identity. That is, X 7→ X, for X ∈ g. The morphism
Atrig → D̂λ(g) implies that, for any h ∈ h,
2J(h) 7→ K(h) − λ
2
∑
α∈Φ+
(α, h)
πie2πi ad(
Q(α∨)
2
) + 1
e2πi ad(
Q(α∨)
2
) − 1
− 1
ad(
Q(α∨)
2
)
 κα.
We use the relation [X, J(Y)] = J[X, Y] of the Yangian Y~g to deduce the image of J(X) in Theorem 4.4,
for X ∈ g.
Lemma 4.5. For any n ∈ N, h ∈ h, we have∑
α∈Φ+
(α, h) ad(Q(
α∨
2
))2n+1(κα) =
∑
p+q=2n
(
2n
p
)
(−1)p
[
Q(h),Ωp,q
]
.
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Proof. We have, for any m ∈ N, for a fixed root α ∈ Φ,
ad(Q(
α∨
2
))m(κα)
=
∑
p+q=m
(
m
p
)
ad(Q(
α∨
2
))p(Xα) ad(Q(
α∨
2
))q(X−α) +
∑
p+q=m
(
m
p
)
ad(Q(
α∨
2
))p(X−α) ad(Q(
α∨
2
))q(Xα)
=
∑
p+q=m
(
m
p
)
(−1)q(Xα ⊗ up)(X−α ⊗ uq) +
∑
p+q=m
(
m
p
)
(−1)p(X−α ⊗ up)(Xα ⊗ uq).
Let h ∈ h be any element in the Cartan subalgebra h ⊂ g. We decompose h as h = (h, α)α∨
2
+ h′, where
(α, h′) = 0. Using the fact that [Q(h′),Q(α
∨
2
)] = 0 and [Q(h′), κα] = 0, we have∑
α∈Φ+
(α, h) ad(Q(
α∨
2
))2n+1(κα) =
[
Q(h),
∑
α∈Φ+
ad(Q(
α∨
2
))2n(κα)
]
=
[
Q(h),
∑
α∈Φ
∑
p+q=2n
(
2n
p
)
(−1)p(Xα ⊗ up)(X−α ⊗ uq)
]
=
∑
p+q=2n
(
2n
p
)
(−1)p
[
Q(h),Ωp,q
]
,
where the last equity follows from the relation [Q(h), h′⊗um] = 0, for any h′ ∈ h, andm ∈ N. This completes
the proof. 
Lemma 4.6. Let X ∈ g be any element in g and X < h. Choose h ∈ h, such that [h, X] = X. We have
J(X) := [J(h), X] =
1
2
K(X) − λ
4
[
Q(X),
∑
n≥0
c2n+1
∑
p+q=2n
(
2n
p
)
(−1)pΩp,q
]
.
Proof. Lemma 4.5 together with the identity [Ωp,q, X] = 0 imply for any n ∈ N,∑
α∈Φ+
(α, h)
[
ad(Q(
α∨
2
))2n+1(κα), X
]
=
∑
p+q=2n
(
2n
p
)
(−1)p
[
Q(X),Ωp,q
]
. (17)
The function
(
πi e
2πix+1
e2πix−1 − 1x
)
is an odd function in x with non-constant term. Indeed, one can easily check
that limY→0
(
eY+1
eY−1 − 2Y
)
= 0. Therefore, we have the expansion in the neighborhood of x = 0,
(
πi
e2πix + 1
e2πix − 1 −
1
x
)
=
∑
n≥0
c2n+1x
2n+1, where c2n+1 is the efficient.
By (17), we have
[ ∑
α∈Φ+
(α, h)
(
πi
e2πi ad(
Q(α∨)
2 ) + 1
e2πi ad(
Q(α∨)
2
) − 1
− 1
ad(
Q(α∨)
2
)
)
κα, X
]
=
∑
n≥0
c2n+1
[ ∑
α∈Φ+
(α, h) ad(
Q(α∨)
2
)2n+1(κα), X
]
=
∑
n≥0
c2n+1
∑
p+q=2n
(
2n
p
)
(−1)p
[
Q(X),Ωp,q
]
.
As a consequence, the image of J(X) is
J(X) 7→ 1
2
K(X) − λ
4
[
Q(X),
∑
n≥0
c2n+1
∑
p+q=2n
(
2n
p
)
(−1)pΩp,q
]
.
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This completes the proof. 
Notice that the formula in Lemma 4.6 works for any element X ∈ g. The relation [J(Xβ), X−β] = J(Hβ) in
the Yangian forces the image of J(h) to be
J(h) 7→ 1
2
K(h) − λ
4
∑
α∈Φ+
(α, h)
πie2πi ad(
Q(α∨)
2
) + 1
e2πi ad(
Q(α∨)
2
) − 1
− 1
ad(
Q(α∨)
2
)
 κα
In other words, there is no shift of the central element Z in the above formula.
Lemma 4.7. The assignment in Lemma 4.6 preserves the relation [J(X), Y] = J([X, Y]), for any X, Y ∈ g.
Proof. This follows from the relations [K(X), Y] = K([X, Y]), [Q(X), Y] = Q([X, Y]), and [Ωp,q, X] = 0, for
any X, Y ∈ g. 
4.4. Proof of Theorem 4.4. We use the following presentation of Y~g, which was obtained by Guay-
Nakajima-Wendlandt in [21] for a symmetrizable Kac-Moody algebra g under certain assumption on the
Cartan matrix. It eliminates the relation (1.6) in [28, Theorem 1.2] when g is finite dimensional. For our
purposes, we state the result when g is finite dimensional, and g , sl2.
Theorem 4.8. ([28, Thm. 1.2], [21, Thm. 2.12]) The Yangian Y~g is isomorphic to the C-algebra generated
by elements X±
i,r
,Hi,r for i ∈ I and r = 0, 1 which satisfy the following relations for i, j ∈ I:
[Hi,r,H j,s] = 0, [Hi,0, X
±
j,s] = ±(αi, α j)X±j,s ∀ r, s ∈ {0, 1}
[X+i,r, X
−
j,s] = δi jHi,r+s for r + s = 0, 1
[X±i,1, X
±
j,0] − [X±i,0, X±j,1] = ±
~(αi, α j)
2
S (X±i,0, X
±
j,0)
[Hi,1, X
±
j,0] − [Hi,0, X±j,1] = ±
~(αi, α j)
2
S (Hi,0, X
±
j,0)ad(X
±
i,0)
1−ai j (X±j,0) = 0
where I is the set of vertices of the Dynkin diagram of g, and ai j is the i j-th entry of the Cartan matrix.
The isomorphism between this presentation of Y~g and the one given in Definition 4.1 sends X
±
i,1
to
J(X±
i
) − ~ω±
i
, and H±
i,1
= J(H±
i
) − ~ν±
i
, where
ω±i = ±
1
4
∑
α∈Φ+
S
(
[X±i , X
±
α ], X
∓
α
) − 1
4
S (X±i ,Hi) and νi = [ω
+
i , X
−
i ] =
1
4
∑
α∈Φ+
(αi, α)S (X
+
α , X
−
α ) −
H2
i
2
. (18)
Proof of Theorem 4.4. To show Theorem 4.4, most of the relations in Theorem 4.8 follow directly from the
fact that [J(X), X′] = J([X, X′]) for all X, X′ ∈ g in Lemma 4.7.
It remains to show that [Hi,1,H j,1] = 0 for all i, j ∈ I. This follows from the map Atrig → D̂λ(g) in §4.2
obtained from the degeneration of the elliptic Casimir connection. Indeed, we have the following diagram
Atrig
f1 //

D̂λ(g)
Y~( f2)
f2
77♦
♦
♦
(19)
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The image of X(Hi) in D̂λ(g) is given by
f1(X(Hi)) = f1
(
δ(Hi) +
1
2
∑
α∈Φ+
α(Hi) tα
)
= f2
(
− 2J(Hi) +
~
2
∑
α∈Φ+
(α, αi) κα
)
= f2
(
− 2(Hi,1 −
~
2
H2i )
)
= − 2 f2(Hi,1) + ~H2i
Therefore, the relation [X(Hi), X(H j)] = 0 in Atrig, and the obvious relation [ f2(Hi,1),H
2
i
] = 0 in D̂λ(g) imply
that [ f2(Hi,1), f2(H j,1)] = 0. This completes the proof. 
5. The elliptic KZ connection
In this section, we show that the rational Cherednik algebra H~,c ofW is, very roughly speaking, the ”Weyl
group” of the deformed double current algebra Dλ(g). This is an analogy relation between the degenerate
affine Hecke algebra and the Yangian in [38]. More precisely, we show that if V is a Dλ(g)–module whose
restriction to g is small, the canonical action of W on the zero weight space V[0] extends to one of H~,c.
Moreover, the elliptic Casimir connection with values in V[0] coincides with elliptic KZ connection with
values in this H~,c–module.
5.1. The rational Cherednik algebra. In this subsection, we recall the definition of the rational Cherednik
algebras. For details, see [13].
Let W be a Weyl group and h be its reflection space. For any reflection s ∈ W , fix αs ∈ h∗, such that
s(αs) = −αs. Write S for the collection of linear functions
{±αs | s is reflections in W}.
Let c : S → C, s 7→ cs be aW-invariant function.
Definition 5.1. The rational Cherednik algebra H~,c is the quotient of the algebra CW ⋉ T (h⊕ h∗)[~] (where
T denotes the tensor algebra) by the ideal generated by the relations
[x, x′] = 0, [y, y′] = 0, [y, x] = ~〈y, x〉 −
∑
s∈S
cs〈αs, y〉〈α∨s , x〉s,
where x, x′ ∈ h∗, y, y′ ∈ h.
5.2. The elliptic KZ connection. The elliptic KZ connection valued in the rational Cherednik algebra H~,c
is constructed by Calaque-Enriquez-Etingof, in [8] for type A and by Toledano Laredo-Yang in [40] for any
finite (reduced, crystallographic) root system Φ.
Let Treg = T \ ∪α∈ΦTα be elliptic configuration space. This elliptic KZ connection ∇H~,c is a connection
on the vector bundle Pτ,n, whose the fiber V is a finite-dimensional representation of the rational Cherednik
algebra H~,c. Let {ui} and {ui} be the dual basis of h and h∗, the elliptic KZ connection takes the form:
∇H~,c = d +
∑
α∈Φ+
2cα
(α|α)k(α, ad(
x(α∨)
2
)|τ)sαdα −
∑
α∈Φ+
~
h∨
θ′(α|τ)
θ(α|τ) dα +
n∑
i=1
y(ui)dui. (20)
where
• x(α∨) ∈ h, y(ui) ∈ h∗ and sα ∈ W is the reflection associated to the root α.
• h∨ is the dual Coxeter number.
The connection ∇H~,c is flat and W-equivariant and its monodromy yields a one parameter family of
monodromy representations of the elliptic braid group π1(Treg/W). Furthermore, as shown in [8, 40], the
monodromy representations factor through the double affine Hecke algebra.
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5.3. Small g-modules. Recall that a g–module V is small, if 2α is not a weight of V for any root α [5, 32,
33].
Lemma 5.2. [38, Lemma 7.4] If V is an integrable, small g–module, the following holds on the zero weight
space V[0]
κα = (α, α)(1 − sα),
where the right hand side refers to the action of the reflection sα ∈ W on V[0].
5.4. The elliptic KZ and elliptic Casimir connection. In this subsection, we focus on the category of
finite dimensional representations of Dλ(g), whose restriction to g is small.
Let V be such module. We have the decomposition Φ+ = Φ+
l
⊔ Φ+s , where Φ+l is the set of positive long
roots and Φ+s the set of positive short roots. Denote the corresponding dual Coxeter numbers of Φl and Φs
by h∨
l
and h∨s . For ADE case, Φ
+
s = ∅, and h∨s = 0. Assume the central element Z ∈ Dλ(g) acts on V by the
scalar ~ − λ
2
(2h∨
l
+ h∨s ), and
λ
2
(α, α)2 = 2cs.
Theorem 5.3. (i): The canonical W–action on the zero weight space V[0] together with the assignment
xu 7→ Q(u), yu 7→ K(u)
yield an action of the rational Cherednik algebra on V[0].
(ii): The elliptic Casimir connection with values in End(V[0]) is equal to the sum of the elliptic KZ
connection and the scalar valued one-form
A = λ
2
∑
α∈Φ+
(
2h∨
l
+ h∨s
h∨
− (α, α)
)
θ′(α|τ)
θ(α|τ) dα
For the rest of this subsection, we prove Theorem 5.3. To begin with, we first need two lemmas.
Lemma 5.4. [40, Lemma 10.4] For any root system Φ, we have (u|v) = 1
h∨
∑
γ∈Φ+(γ, u)(γ, v).
Lemma 5.5. We have
∑
α∈Φ+(u, α)(v, α)(α, α) = (2h∨l + h
∨
s )(u, v).
Proof. For α ∈ Φ+
l
, we have (α, α) = 2, and for α ∈ Φ+s , we have (α, α) = 1. Then,∑
α∈Φ+
(u, α)(v, α)(α, α) = 2
∑
α∈Φ+
l
(u, α)(v, α) +
∑
α∈Φ+s
(u, α)(v, α) = (2h∨l + h
∨
s )(u, v).
The last equality follows from Lemma 5.4. 
Proof of Theorem 5.3. We rewrite the elliptic Casimir connection based on Lemma 5.2.
∇Ell,C = d − λ
2
∑
α∈Φ+
k(α, ad(
Q(α∨)
2
)|τ)(κα)dα −
∑
α∈Φ+
θ′(α|τ)
θ(α|τ)
Z
h∨
dα +
n∑
i=1
K(ui)dui
= d − λ
2
∑
α∈Φ+
k(α, ad(
Q(α∨)
2
)|τ)(α, α)(1 − sα)dα −
∑
α∈Φ+
θ′(α|τ)
θ(α|τ)
Z
h∨
dα +
n∑
i=1
K(ui)dui
= d +
λ
2
∑
α∈Φ+
k(α, ad(
Q(α∨)
2
)|τ)(α, α)sαdα −
∑
α∈Φ+
θ′(α|τ)
θ(α|τ)
(λ(α, α)
2
+
Z
h∨
)
dα +
n∑
i=1
K(ui)dui.
Consider the one-form:
A =
∑
α∈Φ+
(
~ − Z
h∨
− λ
2
(α, α)
)
θ′(α|τ)
θ(α|τ) dα.
24 V. TOLEDANO LAREDO AND Y. YANG
By assumption, Z acts on V[0] by the scalar ~ − λ
2
(2h∨
l
+ h∨s ). The one form A on V[0] is simplifies as
follows.
A =
∑
α∈Φ+
(
~ − Z
h∨
− λ
2
(α, α)
)
θ′(α|τ)
θ(α|τ) dα =
λ
2
∑
α∈Φ+
(
2h∨
l
+ h∨s
h∨
− (α, α)
)
θ′(α|τ)
θ(α|τ) dα.
Using the assumption λ
2
(α, α)2 = 2cs, we have
∇Ell,C −A = d +
∑
α∈Φ+
2cs
(α|α)k(α, ad(
Q(α∨)
2
)|τ)sαdα −
∑
α∈Φ+
~
h∨
θ′(α|τ)
θ(α|τ) dα +
n∑
i=1
K(ui)dui.
Note that A is a scalar valued one-form. Then, the flatness of ∇Ell,C implies the flatness of ∇Ell,C − A. The
connection ∇Ell,C − A is also W–equivariant since both ∇Ell,C and A are. Define an action of the rational
Cherednik algebra on V[0] by:
xu 7→ Q(u), yu 7→ K(u).
We now check this assignment preserves the defining relations of H~,c. On V[0], by the relation of H~,c, the
action of [y(u), x(v)] is the same as the action of
~(u, v) −
∑
α∈Φ+
cs(α, u)(α
∨, v)sα = ~(u, v) − λ
2
∑
α∈Φ+
(α, α)(α, u)(α, v)sα, (21)
On the other hand, using the relation of Dλ(g), the action of [K(u),Q(v)] is the same as the action of
λ
2
∑
α∈Φ+
(u, α)(v, α)κα + (u, v)Z =
λ
2
∑
α∈Φ+
(u, α)(v, α)(α, α)(1 − sα) + (u, v)Z
=
λ
2
∑
α∈Φ+
(u, α)(v, α)(α, α) + (u, v)Z − λ
2
∑
α∈Φ+
(u, α)(v, α)(α, α)sα. (22)
By Lemma 5.5, and the assumption that Z acts on V[0] by ~− λ
2
(2h∨
l
+h∨s ), we have
λ
2
∑
α∈Φ+(u, α)(v, α)(α, α)+
(u, v)Z = ~(u, v). Therefore, (22) coincides with (21). This completes the proof. 
6. The dual pair (glk, gln)
In this section, we establish a duality between the KZB connection associated to glk and the elliptic
Casimir connection associated to gln.
6.1. Reductions. In this section, we recall one realization of the KZB connection from [8, §6.3]. Let
g = glk. We have a decomposition glk = hk ⊕ nk, where hk is the set of diagonal matrices, with natural basis
{Eii | 1 ≤ i ≤ k}, and nk is the set of off-diagonal matrices, with natural basis {Ei j | 1 ≤ i , j ≤ k}.
Identify h∗
k
with hk by the nondegenerate bilinear form 〈X, Y〉 7→ tr(XY). Denote by h∗ regk ⊂ h∗k the subset
of diagonal matrices with distinct eigenvalues, that is h
∗ reg
k
= {λ ∈ h∗ | ∏1≤i, j≤k(λi − λ j) , 0}, where
λ =
∑k
i=1 λiEii.
Let Diff(hk) be the algebra of algebraic differential operators on hk. It has generators xi, ∂i, for 1 ≤ i ≤ k,
and relations: Eii 7→ xi, Eii 7→ ∂i are linear, and [xi, x j] = [∂i, ∂ j] = 0, [∂i, x j] = δi j.
Set P :=
∏
1≤i, j≤k(xi − x j) ∈ S (h) ⊂ Diff(h). The embedding hk ⊂ glk induces a map
hk → Bn := Diff(hk)[
1
P
] ⊗ U(glk)⊗n, h 7→ 1 ⊗
n∑
a=1
h(a).
Denote by h
diag
k
its image.
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Definition 6.1. [8, Sec. 6.3] The Hecke algebra H(gk, hk) is defined to be
{x ∈ Bn |
n∑
i=1
h(i)(x) ∈ Bnhdiagk , for any h ∈ hk}/Bnh
diag
k
.
Let V1, . . . ,Vn be g–modules, then S (hk)[1/P]⊗(⊗ni=1Vi) is a module over Bn. Let (S (hk)[1/P]⊗(⊗ni=1Vi))hk =
(S (hk)[1/P] ⊗ (⊗ni=1Vi))[0] be the zero weight space. Then, (S (h)[1/P] ⊗ (⊗ni=1Vi))hk is a module over
Bn/Bnh
diag
k
, hence a module overH(glk, hk).
Definition 6.2. [8, Sect. 1.1] Let t1,n be the Lie algebra with generators xi, yi (i = 1, · · · , n), and ti j (i , j ∈
{1, · · · , n}) and relations
ti j = t ji, [ti j, tik + t jk] = 0, [ti j,tkl ] = 0
[xi, y j] = ti j, [xi, x j] = [yi, y j] = 0, [xi, yi] = −
∑
{ j| j,i}
ti j
[xi, t jk] = [yi, t jk] = 0, [xi + x j, ti j] = [yi + y j, ti j] = 0
(i, j, k, l are distinct). In this Lie algebra t1,n,
∑
i xi and
∑
i yi are central. We then define
t¯1,n := t1,n/(
∑
i
xi,
∑
i
yi).
Proposition 6.3. [8, Prop. 41]
(1) There is an algebra homomorphism t1,n → H(glk, hk) ⊂ Bn/Bnhdiagk given by:
xi 7→
k∑
a=1
xa ⊗ E(i)aa, yi 7→ −
k∑
a=1
∂a ⊗ E(i)aa +
n∑
j=1
∑
1≤a,b≤k
1
xb − xa
⊗ E(i)
ab
E
( j)
ba
,
ti j 7→
∑
1≤a,b≤k
E
(i)
ab
E
( j)
ba
, for 1 ≤ i , j ≤ n.
(2) The homomorphism factors through the quotient t1,n ։ t¯1,n.
In [8, Prop. 41], an algebra homomorphism from t¯1,n to the Hecke algebra H(g, h) associated to an
arbitrary semisimple Lie algebra g is constructed. For the convenience of the reader, we provide a proof
in the special case when the Hecke algebra is H(glk, hk). From the proof, it is clear that the map t1,n →
Bn/Bnh
diag does not factor through Bn. Indeed, as we will see that, the relations [xi, yi] = −
∑
{ j| j,i} ti j and
[yi, y j] = 0 of t1,n are not preserved under the map t1,n → Bn. We now prove the Proposition.
Proof. The relations [xa, xb] = 0, tab = tba, [xa, tbc] = 0, where a, b, c are distinct, are obviously preserved.
We now check that the relation [xa, yb] = tab for a , b is preserved under the map. We have
[xa, yb] =[
∑
m
xEmm ⊗ E(a)mm,−
∑
i
∂i ⊗ E(b)ii +
∑
c
∑
1≤i, j≤k
1
x j − xi
⊗ E(b)
i j
E
(c)
ji
]
=
∑
i
E
(a)
ii
E
(b)
ii
+ [
∑
m
xEmm ⊗ E(a)mm,
∑
1≤i, j≤k
1
x j − xi
⊗ E(b)
i j
E
(a)
ji
]
=
∑
i
E
(a)
ii
E
(b)
ii
+
∑
m,i
E
(b)
im
E
(a)
im
= tab.
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We check that the map preserves the relation [xa, ya] = −
∑
{b|b,a} tab as follows.
[xa, ya] =[
∑
m
xEmm ⊗ E(a)mm,−
∑
i
∂i ⊗ E(a)ii +
∑
c
∑
1≤i, j≤k
1
x j − xi
⊗ E(a)
i j
E
(c)
ji
]
=
∑
i
[∂i ⊗ E(a)ii , xi ⊗ E(a)ii ] +
∑
m,c
∑
1≤i, j≤k
xEmm
x j − xi
⊗ [E(a)mm, E(a)i j E(c)ji ]
=
∑
i
E
(a)
ii
+
∑
m,c
∑
1≤i, j≤k
xEmm
x j − xi
⊗
(
(δmiE
(a)
m j
− δm jE(a)im )E
(c)
ji
+ δacE
(a)
i j
(δm jE
(a)
mi
− δmiE(a)jm)
)
=
∑
i
E
(a)
ii
+
∑
c
∑
1≤i, j≤k
xi
x j − xi
⊗
(
E
(a)
i j
E
(c)
ji
− δacE(a)i j E
(a)
ji
)
+
∑
c
∑
1≤i, j≤k
x j
x j − xi
⊗
(
− E(a)
i j
E
(c)
ji
+ δacE
(a)
i j
(E
(a)
ji
)
)
=
∑
i
E
(a)
ii
E
(a)
ii
−
∑
{c|c,a}
∑
1≤i, j≤k
(
E
(a)
i j
E
(c)
ji
)
=
∑
i
E
(a)
ii
E
(a)
ii
−
∑
{c|c,a}
∑
1≤i, j≤k
E
(a)
i j
E
(c)
ji
+
∑
{c|c,a}
∑
1≤i≤k
E
(a)
ii
E
(c)
ii
= −
∑
{c|c,a}
tac +
∑
c
∑
1≤i≤k
E
(a)
ii
E
(c)
ii
For any 1 ≤ i ≤ k, the element ∑1≤c≤n E(a)ii E(c)ii = E(a)ii · (∑1≤c≤n E(c)ii ) ∈ Bnhdiagk is zero in Bn/Bnhdiagk . Thus,
we have the relation
[xa, ya] = −
∑
{b|b,a}
tab.
We check that the relation [ya, tbc] = 0 is mapped to zero under the map. We have
[ya, tbc] =[−
∑
i
∂i ⊗ E(a)ii +
∑
m
∑
1≤i, j≤k
1
x j − xi
⊗ E(a)
i j
E
(m)
ji
,
∑
i j
E
(b)
i j
E
(c)
ji
]
=[
∑
1≤i, j≤k
1
x j − xi
⊗ E(a)
i j
(E
(b)
ji
+ E
(c)
ji
),
∑
i j
E
(b)
i j
E
(c)
ji
] = 0
We now show the relation [ya, yb] = 0 is preserved under the map. We will use the following identity: for
any A, B,C,D,
[A ⊗ B,C ⊗ D] = [A,C] ⊗ BD +CA ⊗ [B,D].
For 1 ≤ a , b ≤ n, by definition, we have
[ya, yb] =
[
−
k∑
i=1
∂i ⊗ E(a)ii ,
n∑
c=1
∑
1≤i, j≤k
1
x j − xi
⊗ E(b)
i j
E
(c)
ji
]
(A)
+
[ n∑
c=1
∑
1≤i, j≤k
1
x j − xi
⊗ E(a)
i j
E
(c)
ji
,−
k∑
i=1
∂i ⊗ E(b)ii
]
(B)
+
[ n∑
c=1
∑
1≤i, j≤k
1
x j − xi
⊗ E(a)
i j
E
(c)
ji
,
n∑
d=1
∑
1≤i, j≤k
1
x j − xi
⊗ E(b)
i j
E
(d)
ji
]
(C)
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We first compute the term (A). We have
(A) = −
k∑
i=1
n∑
c=1
∑
1≤s,t≤k
[
∂i,
1
xt − xs
]
⊗ E(a)
ii
E
(b)
st E
(c)
ts −
k∑
i=1
n∑
c=1
∑
1≤s,t≤k
1
xt − xs
· ∂i ⊗
[
E
(a)
ii
, E
(b)
st E
(c)
ts
]
= −
n∑
c=1
∑
1≤s,t≤k
−1
(xt − xs)2
⊗ E(a)tt E(b)st E(c)ts −
n∑
c=1
∑
1≤s,t≤k
1
(xt − xs)2
⊗ E(a)ss E(b)st E(c)ts
−
∑
1≤s,t≤k
1
xt − xs
· ∂t ⊗ E(b)st E(a)ts +
∑
1≤s,t≤k
1
xt − xs
· ∂s ⊗ E(b)st E(a)ts
By symmetry of (A) and (B), we get
(B) =
n∑
c=1
∑
1≤s,t≤k
−1
(xt − xs)2
⊗ E(b)tt E(a)st E(c)ts +
n∑
c=1
∑
1≤s,t≤k
1
(xt − xs)2
⊗ E(b)ss E(a)st E(c)ts
+
∑
1≤s,t≤k
1
xt − xs
∂t ⊗ E(a)st E(b)ts −
∑
1≤s,t≤k
1
xt − xs
∂s ⊗ E(a)st E(b)ts
Thus, after cancelation, we conclude
(A) + (B) = −
n∑
c=1
∑
1≤s,t≤k
−1
(xt − xs)2
⊗ E(a)tt E(b)st E(c)ts −
n∑
c=1
∑
1≤s,t≤k
1
(xt − xs)2
⊗ E(a)ss E(b)st E(c)ts
+
n∑
c=1
∑
1≤s,t≤k
−1
(xt − xs)2
⊗ E(b)tt E(a)st E(c)ts +
n∑
c=1
∑
1≤s,t≤k
1
(xt − xs)2
⊗ E(b)ss E(a)st E(c)ts
We now compute the term (C). We have
(C) =
n∑
c,d=1
∑
1≤i, j,s,t≤k
1
(x j − xi)(xt − xs)
⊗
[
E
(a)
i j
E
(c)
ji
, E
(b)
st E
(d)
ts
]
=
n∑
c=1
 ∑
i, j,i,t
1
(x j − xi)(xt − xi)
⊗ E(a)
i j
E
(b)
jt
E
(c)
ti
−
∑
i, j, j,s
1
(x j − xi)(x j − xs)
⊗ E(a)
i j
E
(b)
si
E
(c)
js

+
n∑
c=1
 ∑
i, j,i,s
1
(x j − xi)(xi − xs)
⊗ E(a)
i j
E
(b)
si
E
(c)
js
−
∑
i, j, j,t
1
(x j − xi)(xt − x j)
⊗ E(a)
i j
E
(b)
jt
E
(c)
ti

+
n∑
c=1
 ∑
i, j, j,s
1
(x j − xi)(x j − xs)
⊗ E(a)
is
E
(b)
s j
E
(c)
ji
−
∑
i, j,i,t
1
(x j − xi)(xt − xi)
⊗ E(a)
t j
E
(b)
it
E
(c)
ji
 (23)
When the indices i, j, s or i, j, t are distinct, using the identity
1
(x j − xi)(xt − xi)
− 1
(x j − xi)(xt − x j)
= − 1
(xt − x j)(xt − xi)
,
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it is obvious that the corresponding summands in (23) add up to zero. Thus, we simplify the term (C) as
follows.
(C) =
n∑
c=1
∑
i, j
1
(x j − xi)2
⊗ E(a)
i j
E
(b)
j j
E
(c)
ji
−
∑
i, j
1
(x j − xi)2
⊗ E(a)
i j
E
(b)
ii
E
(c)
ji

+
n∑
c=1
∑
i, j
−1
(x j − xi)2
⊗ E(a)
i j
E
(b)
ji
E
(c)
j j
−
∑
i, j
−1
(x j − xi)2
⊗ E(a)
i j
E
(b)
ji
E
(c)
ii

+
n∑
c=1
∑
i, j
1
(x j − xi)2
⊗ E(a)
ii
E
(b)
i j
E
(c)
ji
−
∑
i, j
1
(x j − xi)2
⊗ E(a)
j j
E
(b)
i j
E
(c)
ji

To summarise, we have
[ya, yb] =(A) + (B) + (C)
=
n∑
c=1
∑
i, j
−1
(x j − xi)2
⊗ E(a)
i j
E
(b)
ji
E
(c)
j j
−
∑
i, j
−1
(x j − xi)2
⊗ E(a)
i j
E
(b)
ji
E
(c)
ii
 (24)
The above formula shows that [ya, yb] ∈ Bnhdiagk . Therefore, the relation [ya, yb] = 0 is preserved under the
map. It is clear that the map from t1,n to Bn/Bnh
diag
k
factors through the Hecke algebraH(glk, hk). Indeed the
images of the generators xa, yb and tab lie inH(glk, hk). This completes the proof of (1).
To prove (2), we check the two relations
∑n
i=1 xi = 0, and
∑n
i=1 yi = 0. We have
n∑
i=1
xi 7→
n∑
i=1
k∑
a=1
xa ⊗ E(i)aa =
k∑
a=1
xa ⊗ (
n∑
i=1
E
(i)
aa),
which is in Bnh
diag
k
, therefore, the map preserves the relation
∑n
i=1 xi = 0. To check the map preserves the
relation
∑n
i=1 yi = 0. We have
n∑
i=1
yi 7→ −
n∑
i=1
k∑
a=1
∂a ⊗ E(i)aa +
∑
1≤i, j≤n
∑
1≤a,b≤k
1
xb − xa
⊗ E(i)
ab
E
( j)
ba
= −
n∑
i=1
k∑
a=1
∂a ⊗ E(i)aa +
∑
1≤i≤n
∑
1≤a,b≤k
1
xb − xa
⊗ E(i)
ab
E
(i)
ba
= −
n∑
i=1
k∑
a=1
∂a ⊗ E(i)aa +
1
2
( ∑
1≤i≤n
∑
1≤a,b≤k
1
xb − xa
⊗ E(i)
ab
E
(i)
ba
+
∑
1≤i≤n
∑
1≤a,b≤k
1
xa − xb
⊗ E(i)
ba
E
(i)
ab
)
= −
n∑
i=1
k∑
a=1
∂a ⊗ E(i)aa +
1
2
∑
1≤i≤n
∑
1≤a,b≤k
1
xb − xa
⊗ (Eaa − Ebb)(i)

The above term lies in Bnh
diag
k
. This completes the proof.
LetC(E, n) be the configuration space of n unordered points on the elliptic curve. The map in Proposition
6.3 gives the following realization of the KZB connection.
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Theorem 6.4. [8, Sect. 6.3] The following connection on C(E, n) valued in the Hecke algebra H(glk, hk)
∇H(glk ,hk) = d −
∑
1≤i, j≤n
∑
1≤a,b≤k
k(zi − z j, ad(Σkc=1xcE(i)cc )|τ)(E(i)abE
( j)
ba
)dzi (25)
+
∑
1≤i, j≤n
∑
1≤a,b≤k
E
(i)
ab
E
( j)
ba
xb − xa
dzi −
n∑
i=1
k∑
a=1
∂aE
(i)
aadzi,
is flat and Sn–equivariant.
Let Mk,n be the vector space of k × n matrices and let C[Mk,n] be the ring of regular functions on Mk,n.
Thus, C[Mk,n] is a polynomial ring with kn variables. The infinite dimensional vector space C[h
reg
k
]⊗C[Mk,n]
is a module over Bn = Diff(h
reg
k
) ⊗ U[glk]⊗n. The corresponding zero weight space (C[hregk ] ⊗ C[Mk,n])[0] is
a module over the Hecke algebra H(glk, hk). The connection ∇H(glk,hk) in Theorem 6.4 can be valued in the
zero weight space (C[h
reg
k
] ⊗ C[Mk,n])[0] which carries an action ofH(glk, hk).
6.2. The (glk, gln) duality. In this subsection, we construct an action of Dλ,β(sln) on the space (C[h
reg
k
] ⊗
C[Mk,n]), when β = − n4λ. Using such action, we deduce a (glk, gln) duality in the elliptic setting.
The group GLk ×GLn acts on C[Mk,n] by
(gk, gn)p(x) = p(g
t
kxgn), for (gk, gn) ∈ GLk ×GLn, and p(x) ∈ C[Mk,n].
It induces an action of the dual pair (glk, gln) of the corresponding Lie algebras. To distinguish between the
elements of the Lie algebras gln and glk, we denote by X
(p) the elements of glp. In this notation, we have
(X(p))(i) = 1 ⊗ · · · ⊗ X(p) ⊗ · · · ⊗ 1 ∈ U(glp)⊗n,
where X(p) lies in the i–th copy of U(glp).
Write C[Mk,n] = C[xa, j]1≤a≤k,1≤ j≤n. We have the isomorphism
C[xa,1]1≤a≤k ⊗ · · · ⊗ C[xa,n]1≤a≤k  C[Mk,1]⊗n  C[Mk,n]  C[M1,n]⊗k  C[x1, j]1≤ j≤n ⊗ · · · ⊗ C[xk, j]1≤ j≤n.
The action of (glk, gln) on C[Mk,n] is given by
(E
(k)
ab
)(i) 7→ xai∂bi, (E(n)i j )(a) 7→ xai∂a j.
Proposition 6.5. ([16, Sect. 6], [34, Section 3]) The following identities hold on C[Mk,n].
(1) For 1 ≤ a ≤ k, 1 ≤ i ≤ n, we have (E(k)aa )(i) = (E(n)ii )(a);
(2) If 1 ≤ i , j ≤ n and 1 ≤ a , b ≤ k, then (E(k)
ab
)(i)(E
(k)
ba
)( j) = (E
(n)
i j
)(a)(E
(n)
ji
)(b);
(3) If 1 ≤ a , b ≤ k, 1 ≤ i ≤ n, then (E(k)
ab
)(i)(E
(k)
ba
)(i) = (E
(n)
ii
)(a)(E
(n)
ii
)(b) + (E
(n)
ii
)(a).
Proof. We only show the last equality. We have
(E
(k)
ab
)(i)(E
(k)
ba
)(i) 7→xai∂bixbi∂ai = xai∂ai∂bixbi = xai∂aixbi∂bi + xai∂ai,
which is the same as the action of (E
(n)
ii
)(a)(E
(n)
ii
)(b) + (E
(n)
ii
)(a). 
Lemma 6.6. Let 1 ≤ a ≤ k, the following holds on C[Mk,n].
(E
(n)
i j
)(a)(E
(n)
pq )
(a) = (E
(n)
iq
)(a)(E
(n)
p j
)(a) − δpq(E(n)i j )(a) + δ jp(E
(n)
iq
)(a),
for Ei j, Epq ∈ gln.
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Proof. We have
(E
(n)
i j
)(a)(E
(n)
pq )
(a) 7→xai∂a jxap∂aq = xaixap∂a j∂aq + δ jpxai∂aq
=xai∂aqxap∂a j − δpqxai∂a j + δ jpxai∂aq
This is the same as the action of (E
(n)
iq
)(a)(E
(n)
p j
)(a) − δpq(E(n)i j )(a) + δ jp(E(n)iq )(a). 
Let hk ⊂ slk be the Cartan subalgebra of slk.
Theorem 6.7. There is an action of the deformed double current algebra D−1, n
4
(sln) on C[h
reg
k
] ⊗ C[Mk,n]
such that, for 1 ≤ i , j ≤ n, Ei j acts by 1 ⊗
∑k
a=1(E
(n)
i j
)(a) and
K(Ei j) acts by
k∑
a=1
xa ⊗ (E(n)i j )(a),
Q(Ei j) acts by −
k∑
a=1
∂a ⊗ (E(n)i j )(a) +
∑
1≤a,b≤k
1
xb − xa
⊗ (
n∑
e=1
(E
(n)
ie
)(a)(E
(n)
e j
)(b) + (E
(n)
i j
)(a)),
P(Ei j) acts by −
k∑
a=1
Ya ⊗ E(a)i j +
∑
1≤a,b≤k
xa
xb − xa
⊗ E(a)
i j
+
1
2
∑
1≤a,b≤k
xb + xa
xb − xa
⊗
( n∑
e=1
E
(a)
ie
E
(b)
e j
)
,
Zn acts by the scalar 2(n + 1),
where Ya :=
∂axa+xa∂a
2
∈ Diff(hk), for 1 ≤ a ≤ k.
Remark 6.8. We have an isomorphism Daλ,aβ(sln)  Dλ,β(sln), for a , 0. The isomorphism is given by
X 7→ X, K(X) 7→ a1K(X), Q(X) 7→ a2Q(X), P(X) 7→ a1a2P(X),
where a = a1a2. Therefore, Theorem 6.7 gives an action of Dλ,− n
4
λ(sln) on C[h
reg
k
] ⊗ C[Mk,n].
Theorem 6.7 gives the following (glk, gln) duality in the elliptic case.
Theorem 6.9. Under the identification
C[Mk,1]
⊗n
 C[Mk,n]  C[M1,n]
⊗k,
the KZB connection for glk in Theorem 6.4 with values in C[h
reg
k
] ⊗ C[Mk,1]⊗n[0] coincides with the sum of
(1) the elliptic Casimir connection with two parameters for sln with values in C[h
reg
k
] ⊗ C[M1,n]⊗k[0]
and
(2) the closed one-form given by
A =
∑
1≤i< j≤n
θ′(zi − z j|τ)
θ(zi − z j|τ)
(Eii + E j j
n
− 1
n2
)
dzi j.
Proof. Let ǫ1, · · · , ǫn be the standard orthonormal basis of Cn. The root system of sln is given by {ǫi − ǫ j |
1 ≤ i , j ≤ n}. There is a natural embedding ι1 : tΦell(sln) ֒→ t1,n by
x(u) 7→
n∑
i=1
(u, ǫi)xi, y(u) 7→
n∑
i=1
(u, ǫi)yi, tǫi−ǫ j 7→ ti j.
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Indeed, we have
[y(u), x(v)] =[
∑
1≤i≤n
(u, ǫi)yi,
∑
1≤i≤n
(v, ǫi)xi, ] =
∑
1≤i, j≤n
(u, ǫi)(u, ǫi − ǫ j)ti j
=
1
2
∑
1≤i, j≤n
(u, ǫi − ǫ j)(u, ǫi − ǫ j)ti j =
∑
1≤i< j≤n
(u, ǫi − ǫ j)(u, ǫi − ǫ j)ti j
All other relations of tΦell(sln) are obviously preserved under ι1.
To summerise, we have two algebra homomorphisms from tΦell(sln) to End((C[h
reg
k
] ⊗ C[Mk,n])[0]):
tΦell(sln)

 ι1 //
ι2 
t1,n
a1 // End((C[h
reg
k
] ⊗ C[Mk,n])[0])
Dλ,β(sln)
a2
22❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡❡
(26)
The horizontal map a1ι1 is obtained by the composition of ι1 with the map a1 in Proposition 3.7. It gives
rise to the KZB connection for glk in Theorem 6.4. The other map is the composition a2ι2 in Proposition
6.3, and it gives rise to the elliptic connection for sln.
There is a subtlety that the diagram (26) is not commutative. By Proposition 6.3, the action of ti j using
a1ι1 is given by
a1ι1(ti j) =
∑
1≤a,b≤k
(E
(k)
ab
)(i)(E
(k)
ba
)( j) =
1
2
 ∑
1≤a,b≤k
(
(E
(n)
i j
)(a)(E
(n)
ji
)(b) + (E
(n)
ji
)(b)(E
(n)
i j
)(a)
)
−
k∑
a=1
(E
(n)
ii
)(a) −
∑
a
(E
(n)
j j
)(a)

=
1
2
(
Ei jE ji + E jiEi j − Eii − E j j
)
, (27)
where the second equality follows from Proposition 6.5 (see also [34, (3.12)]).
On the other hand, by Proposition 3.7 and Theorem 6.7, the image of ti j under a2ι2 is given by
a2ι2(ti j) =
λ
2
(Ei jE ji + E jiEi j) +
Zn
2n2
+ 2(β − λ
2
)
(Eii + E j j
n
− 2
n2
n∑
e=1
Eee
)
= − 1
2
(Ei jE ji + E jiEi j) +
2(n + 1)
2n2
+ 2(
n
4
+
1
2
)
(Eii + E j j
n
− 2
n2
)
= − 1
2
(Ei jE ji + E jiEi j − Eii − E j j) +
Eii + E j j
n
− 1
n2
The difference of a1ι1(ti j) and a2ι2(ti j) is
Eii+E j j
n
− 1
n2
. For the generators x(u), y(u) ∈ tΦell(sln), we have
a1ι1(x(u)) = a2ι2(x(u)), a1ι1(y(u)) = a2ι2(y(u)).
As a consequence, the difference of the elliptic Casimir connection in Theorem 3.8 and the KZB connection
in Theorem 6.4 is given by the difference of a1ι1(ti j) and a2ι2(ti j). Therefore,
A = ∇Ell,C − ∇H(glk,hk) =
∑
1≤i< j≤n
θ′(zi − z j|τ)
θ(zi − z j|τ)
(Eii + E j j
n
− 1
n2
)
dzi j.
This completes the proof. 
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6.3. In this section, we explain how to get the formulas in Theorem 6.7 using Proposition 6.5.
The enveloping algebra U(sln) is a subalgebra of Dλ,β(sln). We require the action of U(sln) to be the one
induced from the natural GLn action on C[Mk,n]. That is, Ei j 7→ 1 ⊗
∑k
a=1(E
(n)
i j
)(a).
We now use diagram (26) to deduce the action of K(Ei j) and Q(Ei j), for 1 ≤ i , j ≤ n. The action of
xi ∈ tΦell(sln) on C[hregk ]⊗C[Mk,n] is given by
∑k
a=1 xa ⊗ (E(k)aa )(i). By Proposition 6.5, on C[hregk ]⊗C[Mk,n], we
have the identity
k∑
a=1
xa ⊗ (E(k)aa )(i) =
k∑
a=1
xa ⊗ (E(n)ii )(a).
Therefore, the action of K(Ei j) ∈ Dλ,β(sln), 1 ≤ i , j ≤ n, is given by:
K(Ei j) 7→
[ k∑
a=1
xa ⊗ (E(n)ii )(a), Ei j
]
=
k∑
a=1
xa ⊗ (E(n)i j )(a).
It is obvious that the assignment preserves the relation [K(X), Y] = K[X, Y], for any X, Y ∈ sln. Thus, it
gives an action of sln[v] on C[h
reg
k
] ⊗ C[Mk,n].
Similarly, using Proposition 6.5, we rewrite the action of yi ∈ tΦell(sln) on C[hregk ] ⊗ C[Mk,n] by
−
k∑
a=1
∂a⊗E(i)aa+
n∑
j=1
∑
1≤a,b≤k
1
xb − xa
⊗E(i)
ab
E
( j)
ba
= −
k∑
a=1
∂a⊗(E(n)ii )(a)+
∑
1≤a,b≤k
1
xb − xa
⊗(
n∑
j=1
(E
(n)
i j
)(a)(E
(n)
ji
)(b)+(E
(n)
ii
)(a)).
Let i , l, in order to get an action of Q(Eil), we apply [ , Eil] to the above identity. We have
[−
k∑
a=1
∂a ⊗ (E(n)ii )(a), Eil] + [
∑
1≤a,b≤k
1
xb − xa
⊗ (
n∑
j=1
(E
(n)
i j
)(a)(E
(n)
ji
)(b) + (E
(n)
ii
)(a)), Eil]
= −
k∑
a=1
∂a ⊗ (E(n)il )(a) +
∑
1≤a,b≤k
1
xb − xa
⊗ (
n∑
j=1
(E
(n)
i j
)(a)(E
(n)
jl
)(b) + (E
(n)
il
)(a))
Therefore, the action of Q(Eil), 1 ≤ i , l ≤ n, is given by:
Q(Eil) 7→ −
k∑
a=1
∂a ⊗ (E(n)il )(a) +
∑
1≤a,b≤k
1
xb − xa
⊗ (
n∑
j=1
(E
(n)
i j
)(a)(E
(n)
jl
)(b) + (E
(n)
il
)(a)). (28)
It is straightforward to check that the assignment preserves the relation [Q(X), Y] = Q[X, Y], for any X, Y ∈
sln.
Proposition 6.10. There is an action of sln[u] on C[h
reg
k
] ⊗ C[Mk,n], such that, Ei j 7→ 1 ⊗
∑k
a=1(E
(n)
i j
)(a), and
the action of Q(Ei j) is given by (28), for any 1 ≤ i , j ≤ n.
Proof. We have known that [Q(X), Y] = Q[X, Y], for any X, Y ∈ sln. It is well-known that Y~(sln) is a
flat deformation of sln[u]. By Theorem 4.8 (set ~ = 0), we only need to verify the following relation
[Q(Hi),Q(H j)] = 0, for any i, j ∈ I.
By (24), we have the following relation in Diff(hk)
reg ⊗ U(glk)⊗n, for 1 ≤ i, j ≤ n,
[yi, y j] =[Q(Eii),Q(E j j)]
=
∑
1≤s,t≤k
1
(xt − xs)2
⊗
n∑
e=1
(
−E(i)st E( j)ts E(e)tt + E(i)st E( j)ts E(e)ss
)
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On C[Mk,n], the operator
∑n
e=1(E
(k)
tt )
(e) acts by
∑n
e=1(E
(k)
tt )
(e) =
∑n
e=1(E
(n)
ee )
(t). Therefore,
n∑
e=1
(
−E(i)st E( j)ts E(e)tt + E(i)st E( j)ts E(e)ss
)
acts by zero on C[Mk,n].
This completes the proof. 
6.4. Proof of Theorem 6.7. In this subsection, we prove Theorem 6.7. We show, when the two parameters
are λ = −1, β = n
4
, the formula in Theorem 6.7 gives a well-defined action of D−1, n
4
(sln) on C[h
reg
k
]⊗C[Mk,n].
We have shown that the two subalgebras sln[u] and sln[v] act on C[h
reg
k
] ⊗ C[Mk,n]. It is a straightforward
computation to show [X, P(X′)] = P([X, X′]), for any X, X′ ∈ sln. It remains to check the main defining
relation (14) in Lemma 3.2 on C[h
reg
k
] ⊗ C[Mk,n].
We now compute the action of [K(Ei j),Q(Est)] on the vector space C[h
reg
k
]⊗C[Mk,n]. Using the formulas
in Theorem 6.7, we have:
[K(Ei j),Q(Est)] =[
∑
a
∂a ⊗ (E(n)st )(a),
∑
a
xa ⊗ (E(n)i j )(a)] (29)
+[
∑
a
xa ⊗ (E(n)i j )(a),
∑
1≤a,b≤k
1
xb − xa
⊗ (
∑
e
(E
(n)
se )
(a)(E
(n)
et )
(b) + (E
(n)
st )
(a))] (30)
Set Ya :=
∂axa+xa∂a
2
. Using the substitution ∂axa = Ya +
1
2
, and xa∂a = Ya − 12 , we compute the equation (29)
as follows.
(29) := [
∑
a
∂a ⊗ (E(n)st )(a),
∑
a
xa ⊗ (E(n)i j )(a)] =
∑
a
∂axa ⊗ (E(n)st )(a)(E(n)i j )(a) −
∑
a
xa∂a ⊗ (E(n)i j )(a)(E
(n)
st )
(a)
=
∑
a
Ya[Est, Ei j]
(a) +
1
2
∑
a
(E
(a)
st E
(a)
i j
+ E
(a)
i j
E
(a)
st ).
We then compute the equation (30). We have
(30) =
k∑
c=1
∑
1≤a,b≤k
xc
xb − xa
⊗
[
(E
(n)
i j
)(c),
∑
e
(E
(n)
se )
(a)(E
(n)
et )
(b) + (E
(n)
st )
(a)
]
=
∑
1≤a,b≤k
xa
xb − xa
⊗
∑
e
([Ei j, Ese]
(a)(E
(n)
et )
(b) +
∑
1≤a,b≤k
xb
xb − xa
⊗
∑
e
(E
(n)
se )
(a)([Ei j, Eet]
(b) (31)
+
∑
1≤a,b≤k
xa
xb − xa
⊗ [Ei j, Est](a).
We simplify (31) using the following identities.
n∑
e=1
[Ei j, Ese]
(a)E
(b)
et =
n∑
e=1
(δ jsEie − δeiEs j)(a)E(b)et = δ js
n∑
e=1
E
(a)
ie
E
(b)
et − E(a)s j E(b)it .
n∑
e=1
E
(a)
se ([Ei j, Eet]
(b) =
n∑
e=1
E
(a)
se (δ jeEit − δitEe j)(b) = E(a)s j E
(b)
it
− δit
n∑
e=1
E
(a)
se E
(b)
e j
.
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We have
(31) :=
∑
1≤a,b≤k
xa
xb − xa
⊗
∑
e
([Ei j, Ese]
(a)(E
(n)
et )
(b) +
∑
1≤a,b≤k
xb
xb − xa
⊗
∑
e
(E
(n)
se )
(a)([Ei j, Eet]
(b)
=
∑
1≤a,b≤k
xa
xb − xa
⊗ (δ js
n∑
e=1
E
(a)
ie
E
(b)
et − E(a)s j E(b)it ) +
∑
1≤a,b≤k
xb
xb − xa
⊗ (E(a)
s j
E
(b)
it
− δit
n∑
e=1
E
(a)
se E
(b)
e j
)
=
∑
1≤a,b≤k
E
(a)
s j
E
(b)
it
+
∑
1≤a,b≤k
1
2
(
xa + xb
xb − xa
− 1) ⊗ δ js
n∑
e=1
E
(a)
ie
E
(b)
et −
∑
1≤a,b≤k
1
2
(
xa + xb
xb − xa
+ 1) ⊗ δit
n∑
e=1
E
(a)
se E
(b)
e j
=
∑
1≤a,b≤k
E
(a)
s j
E
(b)
it
+
∑
1≤a,b≤k
1
2
(
xa + xb
xb − xa
) ⊗
(
δ js
n∑
e=1
E
(a)
ie
E
(b)
et − δit
n∑
e=1
E
(a)
se E
(b)
e j
)
− 1
2
∑
1≤a,b≤k
(
δ js
n∑
e=1
E
(a)
ie
E
(b)
et + δit
n∑
e=1
E
(a)
se E
(b)
e j
)
=Es jEit −
∑
1≤a≤k
E
(a)
s j
E
(a)
it
+
∑
1≤a,b≤k
1
2
(
xa + xb
xb − xa
) ⊗
(
δ js
n∑
e=1
E
(a)
ie
E
(b)
et − δit
n∑
e=1
E
(a)
se E
(b)
e j
)
− 1
2
(
δ js
n∑
e=1
EieEet + δit
n∑
e=1
EseEe j
)
+
1
2
∑
1≤a≤k
(
δ js
n∑
e=1
E
(a)
ie
E
(a)
et + δit
n∑
e=1
E
(a)
se E
(a)
e j
)
To summarize, based on the computations of equations (29), (30) and (31), we have
[K(Ei j),Q(Est)]
=
∑
a
Ya[Est, Ei j]
(a) +
1
2
∑
a
(E
(a)
st E
(a)
i j
+ E
(a)
i j
E
(a)
st ) +
∑
1≤a,b≤k
xa
xb − xa
⊗ [Ei j, Est](a)
+ Es jEit −
∑
1≤a≤k
E
(a)
s j
E
(a)
it
+
∑
1≤a,b≤k
1
2
(
xa + xb
xb − xa
) ⊗
(
δ js
n∑
e=1
E
(a)
ie
E
(b)
et − δit
n∑
e=1
E
(a)
se E
(b)
e j
)
− 1
2
(
δ js
n∑
e=1
EieEet + δit
n∑
e=1
EseEe j
)
+
1
2
∑
1≤a≤k
(
δ js
n∑
e=1
E
(a)
ie
E
(a)
et + δit
n∑
e=1
E
(a)
se E
(a)
e j
)
=P([Ei j, Est]) +
1
2
∑
a
(E
(a)
st E
(a)
i j
+ E
(a)
i j
E
(a)
st ) + Es jEit −
∑
1≤a≤k
E
(a)
s j
E
(a)
it
− 1
2
(
δ js
n∑
e=1
EieEet + δit
n∑
e=1
EseEe j
)
+
1
2
∑
1≤a≤k
(
δ js
n∑
e=1
E
(a)
ie
E
(a)
et + δit
n∑
e=1
E
(a)
se E
(a)
e j
)
=P([Ei j, Est]) + Es jEit −
1
2
(
δ js
n∑
e=1
EieEet + δit
n∑
e=1
EseEe j
)
+
1
2
∑
1≤a≤k
(E
(a)
st E
(a)
i j
+ E
(a)
i j
E
(a)
st ) −
∑
1≤a≤k
E
(a)
s j
E
(a)
it
+
1
2
∑
1≤a≤k
(
δ js
n∑
e=1
E
(a)
ie
E
(a)
et + δit
n∑
e=1
E
(a)
se E
(a)
e j
)
(32)
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We compute the action of the equation (32) on the vector space C[Mk,n] = (C[M1,n])
⊗k. We use the following
identities.
1
2
∑
1≤a≤k
(E
(a)
st E
(a)
i j
+E
(a)
i j
E
(a)
st ) −
∑
1≤a≤k
E
(a)
s j
E
(a)
it
7→ 1
2
(xas∂atxai∂a j + xai∂a jxas∂at) − xas∂a jxai∂at
=
1
2
(
xas∂a jxai∂at + δitxas∂a j + xas∂a jxai∂at + δs jxai∂at
)
− xas∂a jxai∂at
=
1
2
(
δitxas∂a j + δs jxai∂at
)
=
1
2
(δitE
(a)
s j
+ δs jE
(a)
it
).
n∑
e=1
E
(a)
ie
E
(a)
et 7→
n∑
e=1
xai∂aexae∂at =
n∑
e=1
xai∂ae∂atxae − xai∂at
=
n∑
e=1
xai∂atxae∂ae +
n∑
e=1
xai∂at − xai∂at =
n∑
e=1
E
(a)
it
E
(a)
ee +
n∑
e=1
E
(a)
it
− E(a)
it
= nE
(a)
it
.
Similarly,
∑n
e=1 E
(a)
se E
(a)
e j
7→ nE(a)
s j
. Therefore, on (C[M1,n])
⊗k, (32) acts by
(32) =
1
2
∑
1≤a≤k
(δtiE
(a)
s j
+ δ jsE
(a)
it
) +
n
2
∑
1≤a≤k
(
δ jsE
(a)
it
+ δitE
(a)
s j
)
=
1
2
(1 + n)(δtiEs j + δ jsEit).
Therefore, on End(C[h
reg
k
] ⊗ C[Mk,n]) we have the following identity
[K(Ei j),Q(Est)] = P([Ei j, Est]) + Es jEit − 1
2
(
δ js
n∑
e=1
EieEet + δit
n∑
e=1
EseEe j
)
+
1
2
(1 + n)(δtiEs j + δ jsEit).
Comparing the above equality with Lemma 3.2 equation (14), we have
λ = −1, β = 1
4
n.
In the rest of this section, we compute the action of the central element Zn ∈ D−1, n4 (sln) on C[h
reg
k
] ⊗
C[Mk,n].
Lemma 6.11. The central element Zn ∈ D−1, n
4
(sln) acts by the scalar 2(n + 1) on C[h
reg
k
] ⊗ C[Mk,n].
Proof. Recall that, by definition, we have
Zn =
n∑
a=1
Za,a+1 =
n∑
a=1
[K(Ha),Q(Ha)] − λ4
∑
1≤i, j≤n
S ([Ha, Ei j], [E ji,Ha]).

We first compute the action of
Z12 = [K(H12),Q(H12)] − λ
4
∑
1≤i, j≤n
S ([H12, Ei j], [E ji,H12]) (33)
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on C[h
reg
k
] ⊗ C[Mk,n] using the formulas in Theorem 6.7. We have
[K(H12),Q(H12)]
7→
[ k∑
a=1
xa ⊗ H(a)12 ,−
k∑
a=1
∂a ⊗ H(a)12 +
∑
1≤a,b≤k
1
xb − xa
⊗ ( n∑
e=1
E
(a)
1e
E
(b)
e1
−
n∑
e=1
E
(a)
2e
E
(b)
e2
+ H
(a)
12
)]
=
k∑
a=1
H
(a)
12
H
(a)
12
+
∑
1≤a,b≤k
xa
xb − xa
[H
(a)
12
,
n∑
e=1
E
(a)
1e
E
(b)
e1
−
n∑
e=1
E
(a)
2e
E
(b)
e2
]
+
∑
1≤a,b≤k
xb
xb − xa
[H
(b)
12
,
n∑
e=1
E
(a)
1e
E
(b)
e1
−
n∑
e=1
E
(a)
2e
E
(b)
e2
]
=
k∑
a=1
H
(a)
12
H
(a)
12
−
∑
1≤a,b≤k
n∑
e=1
(
(ǫ12, ǫ1e)E
(a)
1e
E
(b)
e1
− (ǫ12, ǫ2e)E(a)2e E
(b)
e2
))
=
k∑
a=1
H
(a)
12
H
(a)
12
−
∑
1≤a,b≤k
( n∑
e=1
E
(a)
1e
E
(b)
e1
+
n∑
e=1
E
(a)
2e
E
(b)
e2
− E(a)
11
E
(b)
11
− E(a)
22
E
(b)
22
+ E
(a)
12
E
(b)
21
+ E
(a)
21
E
(b)
12
)
Therefore, [K(H12),Q(H12)] acts on C[h
reg
k
] ⊗ C[Mk,n] by
−
 n∑
e=1
E1eEe1 +
n∑
e=1
E2eEe2 − E11E11 − E22E22 + E12E21 + E21E12

+
∑
1≤a≤k
( n∑
e=1
E
(a)
1e
E
(a)
e1
+
n∑
e=1
E
(a)
2e
E
(a)
e2
+ E
(a)
12
E
(a)
21
+ E
(a)
21
E
(a)
12
− 2E(a)
11
E
(a)
22
)
=(n + 1)(E11 + E22) −
 n∑
e=1
E1eEe1 +
n∑
e=1
E2eEe2 − E11E11 − E22E22 + E12E21 + E21E12
 , (34)
where the last equality follows from the following identities
n∑
e=1
E
(a)
1e
E
(a)
e1
7→
n∑
e=1
xa1∂aexae∂a1 =
n∑
e=1
xa1∂a1xae∂ae +
n∑
e=1
xa1∂a1 − xa1∂a1 = nE(a)11 .
E
(a)
12
E
(a)
21
+E
(a)
21
E
(a)
12
−2E(a)
11
E
(a)
22
7→ xa1∂a2xa2∂a1+xa2∂a1xa1∂a2−2xa1∂a1xa2∂a2 = xa1∂a1+xa2∂a2 = E(a)11 +E
(a)
22
.
On the other hand, we have
λ
4
∑
1≤i, j≤n
S ([H12, Ei j], [E ji,H12])
=
λ
2
( ∑
{ j| j,1}
S (E1 j, E j1) +
∑
{ j| j,2}
S (E2 j, E j2) + 2S (E12, E21)
)
=λ
( ∑
{ j| j,1}
E1 jE j1 +
∑
{ j| j,2}
E2 jE j2 + S (E12, E21)
)
+
λ
2
( ∑
{ j| j,1}
H j1 +
∑
{ j| j,2}
H j2
)
=λ
( n∑
e=1
E1eEe1 +
n∑
e=1
E2eEe2 + S (E12, E21) − E11E11 − E22E22
)
+
λ
2
(
2
n∑
e=1
Eee − nE11 − nE22
)
(35)
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By (33), (34) and (35), when λ = −1, the element Z12 acts on C[hregk ] ⊗ C[Mk,n] by
Z12 7→ (
n
2
+ 1)(E11 + E22) +
n∑
e=1
Eee.
By symmetry, we know Zn acts by
Zn =
n∑
a=1
Za,a+1 7→
n∑
a=1
(
(
n
2
+ 1)(Eaa + Ea+1,a+1) +
n∑
e=1
Eee
)
= 2(n + 1)
n∑
e=1
Eee.

This completes the proof of Theorem 6.7.
7. Flat connection on the elliptic moduli spaceM1,n
In this section, we collect some results from [40, Sections 7, 8, 9] about the extension of the KZB
connection associated to Φ to the τ direction, which we will need in Section 8 and Section 9.
7.1. Derivation of the Lie algebra tΦell. Let d be the Lie algebra defined in [8, 40] with generators ∆0, d, X,
and δ2m(m ≥ 1), and relations
[d, X] = 2X, [d,∆0] = −2∆0, [X,∆0] = d,
[δ2m, X] = 0, [d, δ2m] = 2mδ2m, (ad∆0)
2m+1(δ2m) = 0.
There is a Lie algebra morphism d → Der(tΦ
ell
) in [40, Proposition 7.1], denoted by ξ 7→ ξ˜. The image ξ˜ of ξ
acts on tΦell by the following formulas.
d˜(x(u)) = x(u), d˜(y(u)) = −y(u), d˜(tα) = 0,
X˜(x(u)) = 0, X˜(y(u)) = x(u), X˜(tα) = 0,
∆˜0(x(u)) = y(u), ∆˜0(y(u)) = 0, ∆˜0(tα) = 0,
δ˜2m(x(u)) = 0, δ˜2m(tα) = [tα, (ad
x(α∨)
2
)2m(tα)],
and δ˜2m(y(u)) =
1
2
∑
α∈Φ+
α(u)
∑
p+q=2m−1
[(ad
x(α∨)
2
)p(tα), (ad− x(α
∨)
2
)q(tα)].
Proposition 7.1. [40, Proposition 7.1] The above map d→ Der(tΦ
ell
) is a Lie algebra homomorphism.
7.2. A principal bundle. Let e, f , h be the standard basis of sl2. There is a Lie algebra morphism d → sl2
defined by δ2m 7→ 0, d 7→ h, X 7→ e,∆0 7→ f . Let d+ ⊂ d be the kernel of this homomorphism. Since the
morphism has a section, which is given by e 7→ X, f 7→ ∆0 and h 7→ d, we have a semidirect decomposition
d = d+ ⋊ sl2. As a consequence, we have the decomposition
tΦell ⋊ d = (t
Φ
ell ⋊ d+) ⋊ sl2.
The Lie algebra tΦ
ell
⋊ d+ is positively graded. The Z
2−grading of d and tΦ
ell
is defined by
deg(∆0) = (−1, 1), deg(d) = (0, 0), deg(X) = (1,−1), deg(δ2m) = (2m + 1, 1)
and deg(x(u)) = (1, 0) deg(y(u)) = (0, 1), deg(tα) = (1, 1).
We form the following semidirect products
Gn := exp(
̂tΦell ⋊ d+) ⋊ SL2(C),
where ̂tΦell ⋊ d+ is the completion of t
Φ
ell ⋊ d+ with respect to the grading above.
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Let Q∨ ⊂ h be the coroot lattice of h. The semidirect product (Q∨⊕Q∨)⋊SL2(Z) acts on h×H as follows.
For (n,m) ∈ (Q∨ ⊕Q∨) and (z, τ) ∈ h×H, the action is given by translation: (n,m) ∗ (z, τ) := (z+n+ τm, τ).
For
(
a b
c d
)
∈ SL2(Z), the action is given by
(
a b
c d
)
∗ (z, τ) := ( z
cτ+d
, aτ+b
cτ+d
). Let α(−) : h→ C be the map induced
by the root α ∈ Φ. We define H˜α,τ ⊂ h × H to be
H˜α,τ = {(z, τ) ∈ h × H | α(z) ∈ Λτ = Z + τZ}.
We define the elliptic moduli space M1,n to be the quotient of h × H \
⋃
α∈Φ+,τ∈H H˜α,τ by the action of
(Q∨ ⊕Q∨) ⋊ SL2(Z). Let π : h×H \
⋃
α∈Φ+,τ∈H H˜α,τ →M1,n be the natural projection. We define a principal
Gn−bundle Pn on the elliptic moduli spaceM1,n.
For u ∈ C∗, ud :=
(
u 0
0 u−1
)
∈ SL2(C) ⊂ Gn and for v ∈ C, evX :=
(
1 v
0 1
)
∈ SL2(C) ⊂ Gn.
Proposition 7.2. [40, Proposition 8.3] There exists a unique principal Gn−bundle Pn over M1,n, such that
a section of U ⊂ M1,n is a function f : π−1(U)→ Gn, with the properties that
f (z + α∨i |τ) = f (z|τ), f (z + τα∨i |τ) = e
−2πixα∨
i f (z|τ),
f (z|τ + 1) = f (z|τ), f ( z
τ
| − 1
τ
) = τd exp(
2πi
τ
(
∑
i
zixα∨
i
+ X)) f (z|τ).
7.3. Flat connection on the elliptic moduli space. In this section, we collect some facts about the universal
flat connection constructed in [40, Section 9] on the bundle Pn, which is an extension of the universal KZB
connection ∇KZB,τ to the τ-direction. Recall, in Section 2 (10), we have the function k(z, x|τ) = θ(z+x|τ)θ(z|τ)θ(x|τ)− 1x ∈
Hol(C − Λτ)[[x]]. Let
g(z, x|τ) := kx(z, x|τ) =
θ(z + x|τ)
θ(z|τ)θ(x|τ)
(
θ′
θ
(z + x|τ) − θ
′
θ
(x|τ)
)
+
1
x2
be the derivative of function k(z, x|τ) with respect to variable x. We have g(z, x|τ) ∈ Hol(C − Λτ)[[x]].
For a power series ψ(x) =
∑
n≥1 b2nx2n ∈ C[[x]] with positive even degrees, we define two elements in
̂tΦell ⋊ d by
δψ :=
∑
n≥1
b2nδ2n, ∆ψ := ∆0 + δψ = ∆0 +
∑
n≥1
b2nδ2n.
As in [8], we consider the following power series
ϕ(x) = g(0, 0|τ) − g(0, x|τ) = − 1
x2
− (θ
′
θ
)′(x|τ) +
( 1
x2
+ (
θ′
θ
)′(x|τ)
)
|x=0 ∈ C[[x]]
which has positive even degrees. Set a2n := − (2n+1)B2n+2(2iπ)
2n+2
(2n+2)!
, where Bn are the Bernoulli numbers given
by the expansion x
ex−1 =
∑
r≥0
Br
r!
xr. Then, the function ϕ(x) has the expansion ϕ(x) =
∑
n≥1 a2nE2n+2(τ)x2n,
for some E2n+2(τ) only depending on τ. By our convention, we have the following two elements in
̂tΦell ⋊ d:
δϕ =
∑
n≥1
a2nE2n+2(τ)δ2n, and ∆ϕ = ∆0 + δϕ = ∆0 +
∑
n≥1
a2nE2n+2(τ)δ2n.
Consider the following function on h × H:
∆ := ∆(α, τ) = − 1
2πi
∆ϕ +
1
2πi
∑
β∈Φ+
g(β, ad
xβ∨
2
|τ)(tβ)
= − 1
2πi
∆0 −
1
2πi
∑
n≥1
a2nE2n+2(τ)δ2n +
1
2πi
∑
β∈Φ+
g(β, ad
xβ∨
2
|τ)(tβ).
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This is a meromorphic function on Cn × H valued in ̂(tΦ
ell
⋊ d+) ⋊ n+ ⊂ Lie(Gn), (where n+ = C∆0 ⊂ sl2). It
has only poles at
⋃
α∈Φ+,τ∈H H˜α,τ.
Theorem 7.3. [40, Theorem D] The following ̂tΦ
ell
⋊ d-valued KZB connection onM1,n is flat.
∇KZB = ∇KZB,τ − ∆dτ = d −
∑
α∈Φ+
k(α, ad
xα∨
2
|τ)(tα)dα +
n∑
i=1
y(ui)dui − ∆dτ. (36)
8. The sl2-triple in the deformed double current algebras
In this section and Section 9, we prove Theorem C by constructing an algebra homomorphism from tΦell ⋊ d
to the deformed double current algebra Dλ(g). This shows the elliptic Casimir connection ∇Ell,C extends to
a flat connection onM1,n whose coefficients are in Dλ(g).
To begin with, in this section, we construct an action of sl2 on the deformed double current algebra Dλ(g).
We first construct an action of sl2 coming from the group SL2(C) permutation of the two lattices g[u], g[v]
of Dλ(g). We then show this action is inner. That is, there exists an sl2-triple {E, F,H} in Dλ(g), such that the
action of sl2 is given by taking the commutator [X,−], for X ∈ {E, F,H}.
8.1. The action of group SL2.
Proposition 8.1. There is a right action of SL2(C) on Dλ(g). For A =
(
a11 a12
a21 a22
)
∈ SL2(C) and z ∈ g, the
action is given by
z 7→ z, K(z) 7→ a11K(z) + a12Q(z), Q(z) 7→ a22Q(z) + a21K(z),
and P(z) 7→ (a11a22 + a12a21)P(z) + a11a21[K(y),K(w)] + a12a22[Q(y),Q(w)],
where y,w is determined by the equality z = [y,w].
In particular, we have an order 4 automorphism of Dλ(g) (see [19, Proposition 12.1]):
z 7→ z, K(z) 7→ −Q(z), Q(z) 7→ K(z), P(z) 7→ −P(z).
Remark 8.2. The right action in Proposition 8.1 can be made to a left SL2(C)-action on Dλ(g). We define
the left action by A · z := zAT , where AT is the transpose of A.
Proof of Proposition 8.1. We first check that the action of A ∈ SL2(C) preserves the defining relations of
Dλ(g). We only check that the action preserves the relation (12), as the other defining relations are obviously
preserved. For simplicity, set
C(Xβ1 , Xβ2) := −
λ
4
(β1, β2)S (Xβ1 , Xβ2) +
λ
4
∑
α∈Φ
S ([Xβ1 , Xα], [X−α, Xβ2]).
The equality S (a1, a2) = S (a2, a1) implies that C(Xβ1 , Xβ2) = C(Xβ2 , Xβ1). The relation (12) can be rewritten
as [K(x),Q(y)] = P([x, y]) +C(x, y).
Under the action of A ∈ SL2(C), it is straightforward to compute the image of [K(x),Q(y)] under the
action. We have
[K(x),Q(y)] 7→ [a11K(x) + a12Q(x), a22Q(y) + a21K(y)]
= a11a22[K(x),Q(y)] + a12a21[Q(x),K(y)] + a11a21[K(x),K(y)] + a12a22[Q(x),Q(y)]
= a11a22(P([x, y]) +C(x, y)) − a12a21(P([y, x]) +C(y, x)) + a11a21[K(x),K(y)] + a12a22[Q(x),Q(y)]
= (a11a22 + a12a21)P([x, y]) + a11a21[K(x),K(y)] + a12a22[Q(x),Q(y)] +C(x, y). (37)
It is straightforward to see that (37) coincides with (P[x, y] +C(x, y))·A. Thus, the action of A preserves the
relation (12).
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We then check that it defines a right action of SL2. It is obvious that z·Id = z, for any z ∈ Dλ(g), where Id
is the identity matrix of SL2. For any A, B ∈ SL2(C), and for any z ∈ Dλ(g), it is a direct calculation to show
(z·A)·B = z·(AB). For the convenience of the readers, we show the less obvious case when z = P([x, y]) as
follows.
Let A =
(
a11 a12
a21 a22
)
and B =
(
b11 b12
b21 b22
)
be two elements of SL2(C), we have
(P([x, y])·A)·B
=(a11a22 + a12a21)P([x, y])·B + a11a21[K(x)·B,K(y)·B] + a12a22[Q(x)·B,Q(y)·B]
=(a11a22 + a12a21)(b11b22 + b12b21)P([x, y]) + (a11a22 + a12a21)(b11b21[K(x),K(y)] + b12b22[Q(x),Q(y)])
+ a11a21[b11K(x) + b12Q(x), b11K(y) + b12Q(y)] + a12a22[b22Q(x) + b21K(x), b22Q(y) + b21K(y)]
=P([x, y])((a11a22 + a12a21)(b11b22 + b12b21) + 2a11a21b11b12 + 2a12a22b21b22)
+ [K(x),K(y)]((a11a22 + a12a21)b11b21 + a11a21b
2
11 + a12a22b
2
21)
+ [Q(x),Q(y)]((a11a22 + a12a21)b12b22 + a11a21b
2
12 + a12a22b
2
22)
+C(x, y)(a11a21b11b12 − a11a21b11b12 + a12a22b21b22 − a12a22b21b22)
=P([x, y])((a11b11 + a12b21)(a21b12 + a22b22) + (a11b12 + a12b22)(a21b11 + a22b21))
+ [K(x),K(y)](a11b11 + a12b21)(a21b11 + a22b21) + [Q(x),Q(y)](a11b12 + a12b22)(a21b12 + a22b22)
=P([x, y])·(AB).
Therefore, we have a right action of SL2(C) on Dλ(g). This completes the proof. 
Corollary 8.3. The SL2(C) action in Proposition 8.1 induces a Lie algebra sl2(C) action on Dλ(g).
For X =
(
x11 x12
x21 x22
)
∈ sl2(C), the action is given by
zX = 0, K(z)X = x11K(z) + x21Q(z), Q(z)X = x22Q(z) + x12K(z),
P(z)X = x21[K(y),K(w)] + x21[Q(y),Q(w)],
where z ∈ sl2(C) and y,w are determined by the quality z = [y,w].
In particular, the action of h =
(
1 0
0 −1
)
∈ sl2 is given by hz = 0, hP(z) = 0, hK(z) = K(z), and
hQ(z) = −Q(z).
8.2. The sl2 triple of Dλ(g). In this subsection, we construct an sl2–triple E, F,H ∈ Dλ(g), such that for any
z ∈ g, we have
• [H, z] = 0, [H,K(z)] = −K(z) and [H,Q(z)] = Q(z).
• [E, z] = 0, [E,K(z)] = Q(z), and [E,Q(z)] = 0,
• [F, z] = 0, [F,K(z)] = 0, and [F,Q(z)] = K(z).
Recall we have two subalgebras g[v], g[u] of Dλ(g). Write K(z) as the element z⊗v in the subalgebra g[v],
and Q(z) as z⊗ u in g[u]. We will need the following higher degree commutation relation of Dλ(g), which is
proved in [22, Proposition 6.1] when g = sln.
The following result is proved in [22, Prop. 6.1] in type A.
Proposition 8.4. For any s ≥ 0 and any X ∈ g, there exists in Dλ(g) an element Ps(X) with the property
that the assignment X 7→ Ps(X) is linear, [Ps(X), X′] = Ps([X, X′]) for any X′ ∈ g, and such that, for all root
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vectors Xβ1 , Xβ2 ∈ g with β1 , −β2, the following relation holds:
[K(Xβ1), Xβ2 ⊗ us] = Ps([Xβ1 , Xβ2]) − λ
(β1, β2)
4
∑
p+q=s−1
S (Xβ1 ⊗ up, Xβ2 ⊗ uq)
+
λ
4
∑
α∈Φ
∑
p+q=s−1
S ([Xβ1 , Xα] ⊗ up, [X−α, Xβ2] ⊗ uq).
Remark 8.5. When s = 0, P0(X) = K(X) and the right-hand side equals K([Xβ1 , Xβ2]).
Remark 8.6. Write
∑
s≥1 Xβ2 ⊗ us = Xβ2 ⊗ u1−u as a generating series. The relation in Proposition 8.4 is
equivalent to the following relation.
[Xβ1 ⊗ v, Xβ2 ⊗
u
1 − u ] =
∑
s≥1
Ps([Xβ1 , Xβ2]) − λ
(β1, β2)
4
S (Xβ1 ⊗
1
1 − u , Xβ2 ⊗
1
1 − u )
+
λ
4
∑
α∈Φ
S ([Xβ1 , Xα] ⊗
1
1 − u , [X−α, Xβ2] ⊗
1
1 − u ).
For any non-zero element h ∈ h, let E˜(h) and F˜(h) be the following elements of Dλ(g):
E˜(h) :=
1
(h, h)
[h ⊗ v, h ⊗ u3] − λ4
∑
p+q=2
∑
α∈Φ
S ([h, Xα] ⊗ up, [X−α, h] ⊗ uq)
 (38)
F˜(h) :=
1
(h, h)
[h ⊗ u, h ⊗ v3] + λ4
∑
p+q=2
∑
α∈Φ
S ([h, Xα] ⊗ vp, [X−α, h] ⊗ vq)
 . (39)
Lemma 8.7. The elements E˜(h), F˜(h) are independent of the choice of h ∈ h, for h , 0.
Proof. By linearity, it suffices to show for any α, β ∈ Φ+, we have E˜(α) = E˜(β), F˜(α) = F˜(β). This follows
from the same proof as [22, Proposition 6.2] with β = λ
2
using the higher degree relations in Proposition 8.4.
The idea of the proof is essentially in the proof of [22, Proposition 4.1]. 
Based on Lemma 8.7, we denote E˜(h) by E˜, and F˜(h) by F˜.
Corollary 8.8. For any h, h′ ∈ h, such that (h, h′) = 0. We have the following identity in Dλ(g)
[h′ ⊗ v, h ⊗ u3] = λ
4
∑
p+q=2
∑
α∈Φ
(h, α)(h′, α)S (Xα ⊗ up, X−α ⊗ uq). (40)
Proof. The claim is true for h = α, and h′ = β, where α ∈ Φ and β ∈ Φ are two roots such that (α, β) = 0,
which follows from the same proof as [22, Proposition 6.2]. The general statement follows from Lemma 8.7
and linearity of the formula (40) in h and h′. 
We will show the following elements form an sl2-triple of Dλ(g):
E :=
E˜
C
, F :=
F˜
C
, H := [E, F],
where the constant C ∈ Q depends on the type of the Lie algebra g, which is given by the following formula.
C = λ2
∑
{α,β∈Φ|α+β∈Φ}
(
1 − (α,β)2
(α,α)(β,β)
)(
(β, β)2 + (α, α)2
)
(α + β, α + β)
16 dim h(dim h − 1) . (41)
In Appendix A, we compute the constant C explicitly.
We have the following main result in this section.
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Theorem 8.9. With notations as above, the following holds.
(1) For any z ∈ g, we have
(a) [H, z] = 0, [H,K(z)] = −K(z) and [H,Q(z)] = Q(z).
(b) [E, z] = 0, [E,K(z)] = Q(z), and [E,Q(z)] = 0,
(c) [F, z] = 0, [F,K(z)] = 0, and [F,Q(z)] = K(z).
(2) The elements E, F,H form an sl2–triple.
We prove Theorem 8.9 for the rest of this section.
8.3. Proof of Theorem 8.9(2). In this subsection, we check that the triple E, F,H form a Lie algebra sl2
using the part (1) of Theorem 8.9. That is, we check [H,E] = 2E, and [H, F] = −2F.
By (1) of Theorem 8.9, we claim by induction that
ad(E)n(X ⊗ vn) = n!X ⊗ un, for any X ∈ g. (42)
Indeed, let X = [X1, X2], we have X ⊗ vn = [X1 ⊗ v, X2 ⊗ vn−1]. Therefore,
ad(E)n(X ⊗ vn) = ad(E)n[X1 ⊗ v, X2 ⊗ vn−1]
=
∑
p+q=n
(
n
p
)
[ad(E)p(X1 ⊗ v), ad(E)q(X2 ⊗ vn−1)]
=n[X1 ⊗ u, (n − 1)!X2 ⊗ un−1] = n!X ⊗ un.
This shows the claim (42).
To show that [H,E] = 2E, it suffices to show ad(E)2 (˜F) = −2E˜. It follows from the following two lemmas
and the definitions of E˜ (38) and F˜ (39).
Lemma 8.10. For any root α ∈ Φ, we have
ad(E)2[Hα ⊗ u,Hα ⊗ v3] = 2[Hα ⊗ v,Hα ⊗ u3].
Proof. We have the general identity
ad(E)n[A, B] =
∑
p+q=n
(
n
p
)
[ad(E)pA, ad(E)qB].
Choose A to be h ⊗ v, B to be h ⊗ v3, and apply the operator ad(E)3 to the equality [A, B] = 0. This gives the
following identity
ad(E)3[h ⊗ v, h ⊗ v3] = 3[h ⊗ u, ad(E)2h ⊗ v3] + 6[h ⊗ v, h ⊗ u3] = 0.
Rewrite the above identity, we have
[h ⊗ u, ad(E)2h ⊗ v3] = ad(E)2[h ⊗ u, h ⊗ v3] = −2[h ⊗ v, h ⊗ u3].
This completes the proof. 
The following lemma is a directly consequence of the identity
ad(E)n(AB) =
∑
p+q=n
(
n
p
)
ad(E)pA ad(E)qB
and Theorem 8.9 (1).
Lemma 8.11. For any p, q ∈ N, such that p + q = 2. We have
ad(E)2
∑
α∈Φ
S ([h, Xα] ⊗ vp, [X−α, h] ⊗ vq) = 2
∑
α∈Φ
S ([h, Xα] ⊗ up, [X−α, h] ⊗ uq).
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Write F˜ = F˜(Hα), by Lemma 8.10 and Lemma 8.11, we have ad(E)
2(˜F) = −2E˜. Therefore,
[H,E] = [[E, F],E] = − 1
C
ad(E)2(˜F) = 2
1
C
E˜ = 2E.
By symmetry, we have [H, F] = −2F. This complete the proof of Theorem 8.9 (2).
8.4. Proof of Theorem 8.9 (1). In this subsection, we prove Theorem 8.9 (1). Similar to the proof of [22,
Lemma 6.2] with the choice of β = λ
2
, s = 3, it is straightforward to check that E commutes with the
subalgebra g[u] ⊂ Dλ(g). As a consequence, we have [E, z] = 0 and [E,Q(z)] = 0. By the symmetry of E
and F, it suffices to show [E,K(z)] = Q(z).
In the reminder of this section, we compute the commutator [E˜,K(z)] and identify it with CQ(z), for
C ∈ Q given by the formula (41). This constant C is simplified further in Appendix A. As [E˜, z] = 0, to get
a formula of [E˜,K(z)] for arbitrary z ∈ g, we only need to compute [E˜,K(h′)] for some h′ ∈ h.
Recall by Lemma 8.7, the element E˜(h) (38) is independent of h ∈ h. By convenience of the computation,
we choose h, h′ ∈ h, such that (h, h′) = 0. Under this assumption (h, h′) = 0, the computation of [E˜(h),K(h′)]
is essentially in the proof of [22, Lemma 6.3], which uses the relation in Corollary 8.8. For the convenience
of the readers, we include the computation here.
Assume (h, h′) = 0. On the one hand, we have
[[h ⊗ v, h ⊗ u3], h′ ⊗ v] = − [h ⊗ v, [h′ ⊗ v, h ⊗ u3]] = −λ
4
[
h ⊗ v,
∑
p+q=2
∑
α∈Φ
(h, α)(h′, α)S (Xα ⊗ up, X−α ⊗ uq)
]
= − λ
4
∑
p+q=2
∑
α∈Φ
(h, α)(h′, α)S ([h ⊗ v, Xα ⊗ up], X−α ⊗ uq)] (43)
− λ
4
∑
α∈Φ
∑
p+q=2
(h, α)(h′, α)S (Xα ⊗ up, [h ⊗ v, X−α ⊗ uq])]
On the other hand, we have:
[
S ([h, Xα] ⊗ up, [X−α, h] ⊗ uq), h′ ⊗ v
]
=
[
(h, α)2S (Xα ⊗ up, X−α ⊗ uq), h′ ⊗ v
]
= − (h, α)2S ([h′ ⊗ v, Xα ⊗ up], X−α ⊗ uq) − (h, α)2S (Xα ⊗ up, [h′ ⊗ v, X−α ⊗ uq]) (44)
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Plugging the computations of (43) and (44) into the definition of E˜ (38) and arranging the summands, we
have:
(h, h)[E˜, h′ ⊗ v] =
[h ⊗ v, h ⊗ u3] − λ4
∑
p+q=2
∑
α∈Φ
S ([h, Xα] ⊗ up, [X−α, h] ⊗ uq), h′ ⊗ v

= − λ
4
∑
p+q=2
∑
α∈Φ
(h, α)S
([(
(h′, α)h − (h, α)h′) ⊗ v, Xα ⊗ up], X−α ⊗ uq)
− λ
4
∑
α∈Φ
∑
p+q=2
(h, α)S
(
Xα ⊗ up,
[(
(h′, α)h − (h, α)h′) ⊗ v, X−α ⊗ uq])
= − λ
2
∑
p+q=2,
∑
α∈Φ
(h, α)S
([(
(h′, α)h − (h, α)h′) ⊗ v, Xα ⊗ up], X−α ⊗ uq)
= − λ
2
∑
p+q=2,p>0
∑
α∈Φ
(h, α)
λ
4
∑
β∈Φ
∑
s+t=p−1
S
(
S
(
[((h′, α)h − (h, α)h′), Xβ] ⊗ us, [X−β, Xα] ⊗ ut
)
, X−α ⊗ uq
)
= − λ
2
8
∑
s+t+q=1
∑
α,β∈Φ
(
(h, α)(h′, α)(h, β) − (h, α)2(h′, β)
)
S
(
S
(
Xβ ⊗ us, [X−β, Xα] ⊗ ut
)
, X−α ⊗ uq
)
(45)
We use the trick in [22, §6.2] to simplify equation (45). By the formula of [22, §6.2, Page 1357], we have
the following identity
[E˜, h′ ⊗ v] = λ
2
4(h, h)
∑
α,β∈Φ
(
(h, α)(h′, α)(h, β) − (h, α)2(h′, β)
)(
[Xβ, X−α] | [X−β, Xα]
)
β ⊗ u, (46)
where (h, h′) = 0.
It remains to simply the right hand side of equation (46) under the assumption (h, h′) = 0. For convenience
of the notation, we set
F(h, h′) :=
∑
α,β∈Φ
(
(h, α)(h′, α)(h, β) − (h, α)2(h′, β)
)(
[Xβ, X−α] | [X−β, Xα]
)
β.
Note that the element F(h, h′) is well-defined for any h, h′ ∈ h. In general, F(h, h′) is some element in h. For
(h, h′) = 0, equation (46) is the same as [E˜, h′ ⊗ v] = λ2
4(h,h)
F(h, h′) ⊗ u. By Lemma 8.7, E˜ is independent of
the choice of h ∈ h. As a consequence, suppose (h, h′) = 0, then the element F(h,h′)
(h,h)
is also independent of
the choice of h ∈ h.
We now list some properties of the element F(h, h′).
Lemma 8.12. The following holds.
(i) The element F(h, h′) is linear in h′.
(ii) If h and h′ are parallel to each other, we have F(h, h′) = 0.
(iii) For any h, h′ ∈ h, write h′ = h′‖ + h′⊥, where h′‖ is parallel to h, and h′⊥ is perpendicular to h, then we
have F(h, h′) = F(h, h′⊥).
(iv) For any h, h′ ∈ h, the inner product (F(h, h′), h) is zero.
(v) F(h, h′) = (h, h)C˜h′, for some constant C˜ ∈ C.
Proof. (i) and (ii) are clear from the definition of F(h, h′). (iii) follows easily from (i), (ii).
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For (iv), we have
(F(h, h′), h) =
∑
α,β∈Φ
(
(h, α)(h′, α)(h, β)2 − (h, α)2(h′, β)(h, β)
)(
[Xβ, X−α] | [X−β, Xα]
)
=
∑
α,β∈Φ
(
(h, β)(h′, β)(h, α)2 − (h, β)2(h′, α)(h, α)
)(
[Xα, X−β] | [X−α, Xβ]
)
= −(F(h, h′), h).
This concludes (iv).
For (v), we fix h′ ∈ h and let h vary in Ph′ , where Ph′ is the plane perpendicular to h′. We have the fact
that if (h, h′) = 0, the element F(h,h
′)
(h,h)
is independent of the choice of h. By (iv),
F(h,h′)
(h,h)
is perpendicular to
Ph′ . Therefore, there exists some C˜, such that F(h, h
′) = (h, h)C˜h′. This completes the proof. 
By Lemma 8.12 (v), we have
[E˜, h′ ⊗ v] = λ
2
4
C˜h′ ⊗ u, therefore, the constant C is the same as C = λ
2
4
C˜.
For the rest of this section, we determine the constant C˜, and therefore give an explicit formula of the
constant C. Let {ha} be a basis of h, and {ha} be the dual basis. On one hand, we have:∑
a
(F(h, ha), h
a) =
∑
α,β∈Φ
∑
a
(
(h, α)(ha, α)(h, β)(β, h
a) − (h, α)2(ha, β)(ha, β)
)(
[Xβ, X−α] | [X−β, Xα]
)
=
∑
α,β∈Φ
(
(h, α)(α, β)(h, β) − (h, α)2(β, β)
)(
[Xβ, X−α] | [X−β, Xα]
)
. (47)
On the other hand, by Lemma 8.12 (iii) and (v), we have F(h, ha) = (h, h)C˜
(
ha − (ha ,h)(h,h) h
)
. Therefore,∑
a
(F(h, ha), h
a) =
∑
a
(h, h)C˜
(
(ha, h
a) − (ha, h)
(h, h)
(h, ha)
)
= (h, h)C˜(dim h − 1). (48)
Combining (47) and (48), we have:∑
α,β∈Φ
(
(h, α)(α, β)(h, β) − (h, α)2(β, β)
)(
[Xβ, X−α] | [X−β, Xα]
)
= (h, h)C˜(dim h − 1).
Choosing h = γ ∈ Φ+, and taking the sum of γ over Φ+, we have∑
α,β∈Φ,γ∈Φ+
(
(γ, α)(α, β)(γ, β) − (γ, α)2(β, β)
)(
[Xβ, X−α] | [X−β, Xα]
)
=
∑
γ∈Φ+
(γ, γ)C˜(dim h − 1).
Using the identity (·|·) = 1
h∨
∑
γ∈Φ+〈·, γ〉〈·, γ〉 in Lemma 5.4, we simplify the above equality as
h∨
∑
α,β∈Φ
(
(β, α)(α, β) − (α, α)(β, β)
)(
[Xβ, X−α] | [X−β, Xα]
)
=
∑
γ∈Φ+
(γ, γ)C˜(dim h − 1).
Write (γ, γ) =
∑
a(ha, γ)(h
a, γ). We have∑
γ∈Φ+
(γ, γ) =
∑
γ∈Φ+
∑
a
(ha, γ)(h
a, γ) =
∑
a
(ha, h
a)h∨ = h∨ dim h.
Therefore, h∨
∑
α,β∈Φ
(
(β, α)(α, β) − (α, α)(β, β)
)(
[Xβ, X−α] | [X−β, Xα]
)
= h∨ dim h(dim h − 1)C˜.
This gives an explicit formula of C˜:
C˜ =
∑
α,β∈Φ
(
(α, β)2 − (α, α)(β, β)
)(
[Xβ, X−α] | [X−β, Xα]
)
dim h(dim h − 1) , (49)
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and the constant C is given by C = λ
2
4
C˜. We compute the constant C˜ in Appendix A using (49).
9. The extension of the elliptic Casimir connection
In this section, we extend the derivation action of d on the Lie algebra tΦell in Section 7.1 to an action on
the deformed double current algebra Dλ(g). We show furthermore that the action of d on Dλ(g) is inner.
9.1. Set
E˜(n) :=
1
(h, h)
[h ⊗ v, h ⊗ un] − λ4
∑
p+q=n−1
∑
α∈Φ
S ([h, Xα] ⊗ up, [X−α, h] ⊗ uq)
 . (50)
We have the following facts about the element E˜(n):
Proposition 9.1.
(1) We have the following equality.
E˜(n) = E˜(α, n) := [X−α ⊗ v, Xα ⊗ un] + Pn(Hα) − λ
(α, α)
4
∑
p+q=n−1
S (X−α ⊗ up, Xα ⊗ uq)
− λ
4
∑
p+q=n−1
∑
β∈Φ
S ([X−α, Xβ] ⊗ up, [X−β, Xα] ⊗ uq).
(2) For any two roots α, β ∈ Φ, we have E˜(α, n) = E˜(β, n).
(3) E˜(n) commutes with the subalgebra g[u] of Dλ(g).
(4) If n = 1, E˜(n) is a central element of Dλ(g).
(5) For any n ≥ 2, we have:
[E˜(n), z ⊗ v] = C
3
(
n
2
)
z ⊗ un−2,
where the constant C ∈ Q is given as in (41).
Proof. The Proposition is a consequence of the higher degree relation in Proposition 8.4. (1) and (2) follow
from the same proof as [22, Proposition 6.2]. (3) follows from the same proof as [22, Lemma 6.2]. (4) is
proved in [22, Theorem 4.1]. (5) is a similar computation as (46). Indeed, by [22, §6.2], if (h, h′) = 0, we
have
(h, h)[E˜(n), h′ ⊗ v]
= − λ
2
8
∑
s+t+q=n−2
∑
α,β∈Φ
(
(h, α)(h′, α)(h, β) − (h, α)2(h′, β)
)
S
(
S
(
Xβ ⊗ us, [X−β, Xα] ⊗ ut
)
, X−α ⊗ uq
)
=
λ2
4
1
3
(
n
2
) ∑
α,β∈Φ
(
(h, α)(h′, α)(h, β) − (h, α)2(h′, β)
)(
[Xβ, X−α], [X−β, Xα]
)
β ⊗ un−2). (51)
In §8.4, the formula (46) implies [E˜, h′ ⊗ v] = Ch′ ⊗ u, for C given in (41). Comparing the formula (51) with
(46), we conclude that [E˜(n), h′ ⊗ v] = C
3
(
n
2
)
h′ ⊗ un−2, for the same constant C. This completes the proof of
(5). 
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9.2. Let {hi}1≤i≤n be the basis of h, and {hi}1≤i≤n be the corresponding dual basis and write h ⊗ u := Q(h) ∈
g[u]. Set
δ2m =
λ
2
2m∑
p=0
(−1)p
(
2m
p
)∑
i
(hi ⊗ up)(hi ⊗ u2m−p) + 3λ
C
( m−2∑
p=0
(−1)p 2(2m)!
(p + 2)!(2m − p)! E˜(p + 2)E˜(2m − p)
+ (−1)m−1 (2m)!
(m + 1)!(m + 1)!
E˜(m + 1)2 − 2
2m + 1
E˜(2m + 1)E˜(1)
)
, (52)
where the constant C is given in (41).
Proposition 9.2. The sl2-triple {H,E, F} and δ2m satisfy the relations of the derivation algebra d.
Proof. We need to check that
[δ2m,E] = 0, [H, δ2m] = 2mδ2m, and (ad F)
2m+1(δ2m) = 0.
Recall that we have, for any z ∈ g,
(1) [H, z] = 0, [H,K(z)] = −K(z) and [H,Q(z)] = Q(z).
(2) [E, z] = 0, [E,K(z)] = Q(z), [E,Q(z)] = 0.
(3) [F, z] = 0, [F,K(z)] = 0, [F,Q(z)] = K(z).
The fact that E commutes with g[u] and [E,K(z)] = Q(z) implies [E, E˜(n)] = 0, for any n ∈ N. Thus,
[δ2m,E] = 0.
By induction, we have [H, z ⊗ vn] = −nz ⊗ vn, and [H, z ⊗ un] = nz ⊗ un. Thus, [H, E˜(n)] = (n − 1)E˜(n). A
direct calculation shows that [H, δ2m] = 2mδ2m.
By induction, (ad F)n(z ⊗ uk) = 0, for k < n, and (ad F)n(z ⊗ un) = n!z ⊗ vn. Thus, (ad F)n(E˜(k)) = 0, for
k ≤ n, which implies (ad F)2m+1(δ2m) = 0. This completes the proof. 
9.3. We have a subalgebra d of the deformed double current algebra Dλ(g). For any element X ∈ d, taking
[X, ·] gives a derivation action of d on Dλ(g).
Theorem 9.3. The action of d on Dλ(g) is extended from the action of d on t
Φ
ell
. In other words, the following
diagram commutes.
d × tΦ
ell
//

tΦ
ell

d × Dλ(g) // Dλ(g)
Proof. It is clear that the action of the sl2 triple {E, F,H}makes the diagram commute.
It remains to show that the action of δ2m ∈ d makes the diagram commute. That is, we need to show that:
(1) [δ2m, S (X
+
α , X
−
α )] =
λ
2
[S (X+α , X
−
α ), (ad
Q(α∨)
2
)2mS (X+α , X
−
α )].
(2) [δ2m,Q(h)] = 0, for any h ∈ h.
(3) [δ2m,K(h)] =
λ2
8
∑
α∈Φ+ α(h)
∑
p+q=2m−1[(ad
Q(α∨)
2
)p(κα), (ad−Q(α
∨)
2
)q(κα)], for any h ∈ h.
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For any Xα ∈ gα, as [E˜(n), Xα] = 0, we have
[δ2m, Xα] =
λ
2

2m∑
p=0
(−1)p
(
2m
p
)∑
i
(hi ⊗ up)(hi ⊗ u2m−p), Xα

=
λ
2
2m∑
p=0
(−1)p
(
2m
p
)
S (Xα ⊗ up,Hα ⊗ u2m−p)
=
λ
2
2m∑
p=0
(−1)p
(
2m
p
)[
Xα, S (Xα ⊗ up, X−α ⊗ u2m−p)
]
=
λ
2
[
Xα, (ad
Q(α∨)
2
)2mS (Xα, X
−
α )
]
.
Thus,
δ2mS (X
+
α , X
−
α )) =S (δ2m(X
+
α ), X
−
α )) + S (X
+
α , δ2m(X
−
α )))
=
λ
2
S (
[
X+α , (ad
Q(α∨)
2
)2mS (X+α , X
−
α )
]
, X−α ) +
λ
2
S (X+α ,
[
X−α , (ad
Q(α∨)
2
)2mS (X−α , X
+
α )
]
)
=
λ
2
[S (X+α , X
−
α ), (ad
Q(α∨)
2
)2mS (X+α , X
−
α )].
The assertion (1) follows.
The assertion (2) is clear. Indeed, E˜(n) commutes with g[u], and [h′ ⊗ un,Q(h)] = 0, for any h, h′ ∈ h, and
n ∈ N. This implies [δ2m,Q(h)] = 0.
The proof of the assertion (3) is in the next subsection. 
9.4. In this subsection, we complete the proof of Theorem 9.3 by checking assertion (3) .
For notational reason, we write
δ˜2m(K(h)) :=
λ2
8
∑
α∈Φ+
α(h)
∑
p+q=2m−1
[(ad
Q(α∨)
2
)p(κα), (ad−Q(α
∨)
2
)q(κα)].
The assertion (3) can be rewritten as
[δ2m,K(h)] = δ˜2m(K(h)).
We now compute δ˜2m(K(h)).
Lemma 9.4. For any h ∈ h, we have
δ˜2m(K(h)) = −
λ2
4
∑
χ+t+k=2m−1
(−1)χ
(
2m
χ
) ∑
β∈Φ+
(β, h)S
(
Hβ ⊗ uχ, S (X−β ⊗ ut, X+β ⊗ uk)
)
.
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Proof. We have
δ˜2m(K(h))
=
λ2
8
∑
β∈Φ+
β(h)
∑
p+q=2m−1
(−1)q[(ad Q(β
∨)
2
)p(S (X+β , X
−
β )), (ad
Q(β∨)
2
)q(S (X+β , X
−
β ))]
=
λ2
8
∑
β∈Φ+
β(h)
∑
p+q=2m−1
(−1)q[
∑
s+t=p
(−1)t
(
p
s
)
S (X+β ⊗ us, X−β ⊗ ut),
∑
k+ j=q
(−1) j
(
q
k
)
(S (X+β ⊗ uk, X−β ⊗ u j))]
=
λ2
8
∑
β∈Φ+
β(h)
∑
p+q=2m−1
(−1)q
∑
s+t=p
∑
k+ j=q
(−1)t+ j
(
p
s
)(
q
k
) [
S (X+β ⊗ us, X−β ⊗ ut), S (X+β ⊗ uk, X−β ⊗ u j)
]
=
λ2
8
∑
β∈Φ+
β(h)
∑
p+q=2m−1
(−1)q
∑
s+t=p
∑
k+ j=q
(−1)t+ j
(
p
s
)(
q
k
)
(53)
(
S (S (X+β ⊗ uk,Hβ ⊗ us+ j), X−β ⊗ ut) − S (X+β ⊗ us, S (Hβ ⊗ ut+k, X−β ⊗ u j))
)
We compute the summand in (53) as follows. For a fixed positive root β ∈ Φ+, we have
S (S (X+β ⊗ uk,Hβ ⊗ us+ j), X−β ⊗ ut) − S (X+β ⊗ us, S (Hβ ⊗ ut+k, X−β ⊗ u j))
=X−β ⊗ ut
(
2(X+β ⊗ uk)(Hβ ⊗ us+ j) + (β, β)X+β ⊗ uk+s+ j
)
+
(
2(Hβ ⊗ us+ j)(X+β ⊗ uk) − (β, β)X+β ⊗ uk+s+ j
)
X−β ⊗ ut
− X+β ⊗ us
(
2(X−β ⊗ u j)Hβ ⊗ ut+k − (β, β)X−β ⊗ u j+t+k
)
−
(
2(Hβ ⊗ ut+k)(X−β ⊗ u j) + (β, β)X−β ⊗ u j+t+k
)
X+β ⊗ us
=2(X−β ⊗ ut)(X+β ⊗ uk)Hβ ⊗ us+ j + 2Hβ ⊗ us+ j(X+β ⊗ uk)(X−β ⊗ ut)
− 2(X+β ⊗ us)(X−β ⊗ u j)Hβ ⊗ ut+k − 2Hβ ⊗ ut+k(X−β ⊗ u j)(X+β ⊗ us).
For any m ∈ N, we have the equality
∑
p+q=2m−1
(−1)q
∑
s+t=p
∑
k+ j=q
(−1)t+ j
(
p
s
)(
q
k
)
=
∑
s+t+k+ j=2m−1
(−1)k+t
(
s + t
s
)(
k + j
k
)
.
If we switch the pair (s, j) with the pair (t, k), then the coefficient (−1)k+t
(
s+t
s
)(
k+ j
k
)
in (53) is changed by a
negative sign. Thus, we have two summands of the following form in (53):
2(X−β ⊗ ut)(X+β ⊗ uk)Hβ ⊗ us+ j + 2Hβ ⊗ us+ j(X+β ⊗ uk)(X−β ⊗ ut)
− 2(X+β ⊗ us)(X−β ⊗ u j)Hβ ⊗ ut+k − 2Hβ ⊗ ut+k(X−β ⊗ u j)(X+β ⊗ us), (54)
and
− 2(X−β ⊗ us)(X+β ⊗ u j)Hβ ⊗ uk+t − 2Hβ ⊗ uk+t(X+β ⊗ u j)(X−β ⊗ us)
+ 2(X+β ⊗ ut)(X−β ⊗ uk)Hβ ⊗ us+ j + 2Hβ ⊗ us+ j(X−β ⊗ uk)(X+β ⊗ ut). (55)
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Combining the above two summands (54) (55) with (s, t, k, j) and (t, s, j, k) (note the coefficient is (−1)k+t
(
s+t
s
)(
k+ j
k
)
),
we get (
2(X−β ⊗ ut)(X+β ⊗ uk) + 2(X+β ⊗ ut)(X−β ⊗ uk)
)
Hβ ⊗ us+ j
+ Hβ ⊗ us+ j
(
2(X+β ⊗ uk)(X−β ⊗ ut) + 2(X−β ⊗ uk)(X+β ⊗ ut)
)
−
(
2(X+β ⊗ us)(X−β ⊗ u j) + 2(X−β ⊗ us)(X+β ⊗ u j)
)
Hβ ⊗ ut+k
− Hβ ⊗ ut+k
(
2(X−β ⊗ u j)(X+β ⊗ us) + 2(X+β ⊗ u j)(X−β ⊗ us)
)
=
(
S (X−β ⊗ ut, X+β ⊗ uk) + S (X+β ⊗ ut, X−β ⊗ uk)
)
Hβ ⊗ us+ j
+ Hβ ⊗ us+ j
(
S (X+β ⊗ uk, X−β ⊗ ut) + S (X−β ⊗ uk, X+β ⊗ ut)
)
−
(
S (X+β ⊗ us, X−β ⊗ u j) + S (X−β ⊗ us, X+β ⊗ u j)
)
Hβ ⊗ ut+k
− Hβ ⊗ ut+k
(
S (X−β ⊗ u j, X+β ⊗ us) + S (X+β ⊗ u j, X−β ⊗ us)
)
=S
(
S (X−β ⊗ ut, X+β ⊗ uk),Hβ ⊗ us+ j
)
+ S
(
S (X+β ⊗ ut, X−β ⊗ uk),Hβ ⊗ us+ j
)
− S
(
S (X+β ⊗ us, X−β ⊗ u j),Hβ ⊗ ut+k
)
− S
(
S (X+β ⊗ u j, X−β ⊗ us),Hβ ⊗ ut+k
)
.
Thus, for a fixed root β ∈ Φ+, the summation (53) becomes:
∑
s+t+k+ j=2m−1
(−1)k+t
(
s + t
s
)(
k + j
k
) (
S
(
S (X−β ⊗ ut, X+β ⊗ uk),Hβ ⊗ us+ j
)
+ S
(
S (X+β ⊗ ut, X−β ⊗ uk),Hβ ⊗ us+ j
))
.
For any integers j, k, and n satisfying 0 ≤ j ≤ k ≤ n, we have an identity of the binomial coefficients:
n∑
m=0
(
m
j
)(
n − m
k − j
)
=
(
n + 1
k + 1
)
.
Now fix the indices k, t, and fix the sum s+ j = χ, and we vary the index p = 0, . . . , 2m− 1, thus, the indices
s, j, q are varying according to p. The coefficient of the term S
(
S (X−
β
⊗ ut, X+
β
⊗ uk),Hβ ⊗ us+ j
)
becomes
(−1)k+t
(
s + t
s
)(
k + j
k
)
+ (−1)k+t
(
k + j
j
)(
s + t
t
)
= 2(−1)k+t
2m−1∑
p=0
(
p
t
)(
2m − 1 − p
2m − 1 − χ − t
)
= −2(−1)χ
(
2m
χ
)
.
We simplify (53) using the above observation, and we get
δ˜2m(K(h)) = −
λ2
4
2m−1∑
χ=0
(−1)χ
(
2m
χ
) ∑
β∈Φ+
(β, h)S
(
Hβ ⊗ uχ,
∑
t+k=2m−1−χ
S (X−β ⊗ ut, X+β ⊗ uk)
)
.
This completes the proof. 
Lemma 9.5. We have
δ˜2m(K(h)) =
λ
2
[∑
i
∑
p+q=2m
(−1)q
(
2m
p
)
(hi ⊗ up)(hi ⊗ uq),K(h)
]
+ λ
∑
p+q=2m
(−1)q
(
2m
p
)(
(h ⊗ up)E˜(q)
)
.
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Proof. We compute the commutator λ
2
[∑
i
∑
p+q=2m(−1)q
(
2m
p
)
(hi ⊗ up)(hi ⊗ uq),K(h)
]
and compare it with
δ˜2m(K(h)) in Lemma 9.4. We have
λ
2
[h ⊗ v,
∑
i
∑
p+q=2m
(−1)q
(
2m
p
)
(hi ⊗ up)(hi ⊗ uq)]
=
λ
2
∑
i
∑
p+q=2m
(−1)q
(
2m
p
)(
hi ⊗ up[h ⊗ v, hi ⊗ uq] + [h ⊗ v, hi ⊗ up]hi ⊗ uq
)
=
λ
2
∑
i
∑
p+q=2m
(−1)q
(
2m
p
)(
hi ⊗ up(h, hi)E˜(q) + (h, hi)E˜(p)hi ⊗ uq
)
+
λ2
8
∑
p+q=2m
(−1)q
(
2m
p
)∑
α∈Φ
(α, h)
(
Hα ⊗ up
∑
s+t=q−1
S (Xα ⊗ us, X−α ⊗ ut)
+
∑
s+t=p−1
S (Xα ⊗ us, X−α ⊗ ut)Hα ⊗ uq
)
, (56)
where the last equality follows from the definition of E˜(n) in (50). Using the simple fact that h =
∑
i(hi, h)h
i,
we compute (56) as follows.
(56) =
λ
2
∑
p+q=2m
(−1)q
(
2m
p
)(
(h ⊗ up)E˜(q) + (h ⊗ uq)E˜(p)
)
+
λ2
8
∑
α∈Φ
(α, h)
∑
p+q=2m,q≥1
(−1)q
(
2m
p
)(
Hα ⊗ up
∑
s+t=q−1
S (Xα ⊗ us, X−α ⊗ ut)
+
∑
s+t=q−1
S (Xα ⊗ us, X−α ⊗ ut)Hα ⊗ up
)
=λ
∑
p+q=2m
(−1)q
(
2m
p
)(
(h ⊗ up)E˜(q)
)
+
λ2
4
∑
α∈Φ+
(α, h)
∑
p+s+t=2m−1
(−1)p
(
2m
p
)
S (Hα ⊗ up, S (Xα ⊗ us, X−α ⊗ ut))
=λ
∑
p+q=2m
(−1)q
(
2m
p
)(
(h ⊗ up)E˜(q)
)
− δ˜2m(K(h)),
where the last equality follows from Lemma 9.4. This completes the proof by rearranging the above identity.

Lemma 9.6. For any z ∈ g, we have
λ
∑
p+q=2m
(−1)q
(
2m
p
)(
(z ⊗ up)E˜(q)
)
=
3λ
C
[ m−2∑
p=0
(−1)p 2(2m)!
(p + 2)!(2m − p)! E˜(p + 2)E˜(2m − p)
+ (−1)m−1 (2m)!
(m + 1)!(m + 1)!
E˜(m + 1)2 − 2
2m + 1
E˜(2m + 1)E˜(1), K(z)
]
.
Proof. The statement follows from the following calculations. When q = 0, we have E˜(0) = 0. So we could
assume q , 0. We separate the cases when (p, q) = (m − 1,m + 1), and (p, q) = (2m − 1, 1) from the set
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{(p, q) | p + q = 2m}. We have∑
p+q=2m
(−1)q
(
2m
p
)
(z ⊗ up)E˜(q)
=
m−2∑
p=0
(−1)p
(
2m
p
)
(z ⊗ up)E˜(2m − p) +
m∑
q=2
(−1)q
(
2m
q
)
(z ⊗ u2m−q)E˜(q)
+ (−1)m+1
(
2m
m + 1
)
(z ⊗ um−1)E˜(m + 1) − 2m(z ⊗ u2m−1)E˜(1)
=
m−2∑
p=0
(
(−1)p
(
2m
p
)
(z ⊗ up)E˜(2m − p) + (−1)p
(
2m
p + 2
)
(z ⊗ u2m−p−2)E˜(p + 2)
)
+ (−1)m−1
(
2m
m − 1
)
(z ⊗ um−1)E˜(m + 1) − 2m(z ⊗ u2m−1)E˜(1) (57)
By Proposition 9.1, E˜(1) is central, and [E˜(n), z ⊗ v] = C
3
(
n
2
)
z⊗ un−2, for n ≥ 2. Furthermore, E˜(n) commutes
with the subalgebra g[u]. Therefore, we have
(57) =
3
C
m−2∑
p=0
(−1)p
(
2m+2
p+2
)
(2m + 1)(m + 1)
[E˜(p + 2)E˜(2m − p), z ⊗ v]
+
3
C
(−1)m−1
(
2m
m−1
)
(m + 1)m
[E˜(m + 1)2, z ⊗ v] − 6
C(2m + 1)
[E˜(2m + 1)E˜(1), z ⊗ v],
where the constant C is given by (41). This completes the proof. 
It is clear that the assertion (3) follows from Lemma 9.5 and Lemma 9.6, together with the formula (52)
of δ2m. This completes the proof of Theorem 9.3.
Appendix A.
In the appendix, we show the constant C = λ
2
4
C˜ is given by the formula (41). We furthermore compute
(41) explicitly. Recall the following formula of C˜ in (49):
C˜ =
∑
α,β∈Φ
(
(α, β)2 − (α, α)(β, β)
)(
[Xβ, X−α] | [X−β, Xα]
)
dim h(dim h − 1) .
Let g be a finite dimensional simple Lie algebra. There is a Chevalley basis of g (see [24, §25]), which
we now recall here. Fix a pair of roots α, β, consider the α-string through β:
β − rα, · · · , β, · · · , β + qα.
Proposition A.1. [24, Proposition 25.1] We have
(1) 〈β, α〉 := 2(β,α)
(α,α)
= r − q.
(2) At most two root lengths occur in this string.
(3) If α + β ∈ Φ, then r + 1 = q(α+β,α+β)
(β,β)
.
As a consequence, for any two roots α, β, if α + β ∈ Φ, then we have
q =
(β, β)
(α, α)
, r =
(β, β) + 2(β, α)
(α, α)
.
Proposition A.2. [24, Proposition 25.2] It is possible to choose root vectors xα, α ∈ Φ satisfying
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(1) [xα, x−α] = hα.
(2) If α, β, α + β ∈ Φ, [xα, xβ] = cαβxα+β, then cαβ = −c−α,−β. For any such choice of root vectors, the
scalar cα,β(α, β, α+β ∈ Φ) automatically satisfy: c2α,β = q(r+1) (α+β,α+β)(β,β) , where β−rα, · · · , β, · · · , β+
qα is the α-string through β.
Therefore, for any two roots α, β, if α + β ∈ Φ, then we have
c2α,β = q(r + 1)
(α + β, α + β)
(β, β)
=
(β, β)2
(α, α)2
(α + β, α + β)2
(β, β)2
=
(α + β, α + β)2
(α, α)2
.
The killing form of {xα | α ∈ Φ} is given by [24, Page 147]:
(xα|x−α) =
2
(α, α)
.
Choose Xα :=
√
(α,α)
2
xα, for all α ∈ Φ. Thus, we have (Xα|X−α) = 1. We compute∑
α,β∈Φ
(
(α, β)2 − (α, α)(β, β)
)(
[Xβ, X−α] | [X−β, Xα]
)
=
∑
α,β∈Φ
(
(α, β)2 − (α, α)(β, β)
)
(
(α, α)
2
(β, β)
2
)
(
[xα, xβ] | [x−α, x−β]
)
= −
∑
{α,β∈Φ|α+β∈Φ}
(
(α, β)2 − (α, α)(β, β)
)
(
(α, α)
2
(β, β)
2
)c2αβ
2
(α + β, α + β)
=
∑
{α,β∈Φ|α+β∈Φ}
(
(α, α)(β, β) − (α, β)2
) (β, β)
2
(α + β, α + β)
(α, α)
=
1
4
∑
{α,β∈Φ|α+β∈Φ}
(
(α, α)(β, β) − (α, β)2
)
(
(β, β)
(α, α)
+
(α, α)
(β, β)
(α + β, α + β)
=
1
4
∑
{α,β∈Φ|α+β∈Φ}
(
1 − (α, β)
2
(α, α)(β, β)
)(
(β, β)2 + (α, α)2
)
(α + β, α + β)
The above computation gives the following formula of C˜:
C˜ =
∑
{α,β∈Φ|α+β∈Φ}
(
1 − (α,β)2
(α,α)(β,β)
)(
(β, β)2 + (α, α)2
)
(α + β, α + β)
4 dim h(dim h − 1) . (58)
Therefore, C = λ
2
4
C˜ is given by the formula (41).
A.1. The simply laced case. When g is simply-laced, we have α + β ∈ Φ, if and only if (α, β) = −1. Thus,
C˜ =
3|{α, β ∈ Φ | α + β ∈ Φ}|
dim h(dim h − 1) , where g is of type ADE.
For example, in type An−1, let g = sln, we have C˜ =
3n(n−1)2(n−2)
(n−1)(n−2) = 6n.
A.2. Non-simply laced case. Denote by Φl the set of the long roots in Φ, and Φs the set of the short roots.
We have the decomposition Φ = Φl ⊔Φs.
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A.2.1. Type Bn. When g is of type Bn, we have
• For any roots α, β ∈ Φl such that α + β is a root, then α + β ∈ Φl, and (α, β) = −1.
• For any roots α, β ∈ Φs such that α + β is a root, then α + β ∈ Φl, and (α, β) = 0.
• For any roots α ∈ Φl, β ∈ Φs such that α + β is a root, then α + β ∈ Φs, and (α, β) = −1.
Using the above observations, we can simplify (58). We have∑
{α,β∈Φ|α+β∈Φ}
(
1 − (α, β)
2
(α, α)(β, β)
)(
(β, β)2 + (α, α)2
)
(α + β, α + β)
=
∑
{α,β∈Φl|α+β∈Φl}
12 +
∑
{α,β∈Φs|α+β∈Φl}
4 +
∑
{α∈Φl,β∈Φs|α+β∈Φs}
5
2
+
∑
{α∈Φs,β∈Φl|α+β∈Φs}
5
2
=12|{α, β ∈ Φl | α + β ∈ Φl}| + 4|{α, β ∈ Φs | α + β ∈ Φl| + |
5
2
{α ∈ Φl, β ∈ Φs | α + β ∈ Φs}|
Therefore,
C˜ =
12#{α,β∈Φl |α+β∈Φl} + 4#{α,β∈Φs |α+β∈Φl} +
5
2
#{α∈Φl,β∈Φs|α+β∈Φs}
4n(n − 1) .
A.2.2. Type Cn. The root system of type Cn is Φ = { 1√
2
(±ǫi ± ǫ j),
√
2ǫi | 1 ≤ i , j ≤ n} (see for example
[24, Section 12.1]), where {ǫi}ni=1 is the standard orthonormal basis of Rn.
• For any roots α, β ∈ Φl, the sum α + β can never be a root.
• For any roots α ∈ Φl, β ∈ Φs such that α + β is a root, then α + β ∈ Φs, and (α, β) = −1.
• For any roots α, β ∈ Φs such that α + β is a root, then we have two possibilities. If the sum α + β is
a short root, then we have (α, β) = − 1
2
. If the sum α + β is a long root, then (α, β) = 0.
Using the above observation, we have∑
{α,β∈Φ|α+β∈Φ}
(
1 − (α, β)
2
(α, α)(β, β)
)(
(β, β)2 + (α, α)2
)
(α + β, α + β)
=
∑
{α∈Φl,β∈Φs|α+β∈Φs}
5
2
+
∑
{α∈Φs,β∈Φs|α+β∈Φs}
3
2
+
∑
{α∈Φs,β∈Φs|α+β∈Φl}
4
Therefore,
C˜ =
5
2
#{α∈Φl,β∈Φs|α+β∈Φs} +
3
2
#{α∈Φs,β∈Φs|α+β∈Φs} + 4#{α∈Φs,β∈Φs|α+β∈Φl}
4n(n − 1) .
A.2.3. Type F4. The root system is Φ = {±ǫi,±ǫi ± ǫ j, 12 (±ǫ1 ± ǫ2 ± ǫ3 ± ǫ4) | 1 ≤ i , j ≤ 4} (see for example
[24, Section 12.1]), where {ǫi}4i=1 is the standard orthonormal basis of R4.
• For any roots α, β ∈ Φl, we have α + β ∈ Φl, and (α, β) = −1.
• For any roots α ∈ Φl, β ∈ Φs such that α + β is a root, then α + β ∈ Φs and (α, β) = −1.
• For any roots α, β ∈ Φs such that α + β is a root. We have two possibilities. If the sum α + β is a
short root, then (α, β) = − 1
2
. If the sum α + β is a long root, then (α, β) = 0.
Using the above observation, we have∑
{α,β∈Φ|α+β∈Φ}
(
1 − (α, β)
2
(α, α)(β, β)
)(
(β, β)2 + (α, α)2
)
(α + β, α + β)
=
∑
{α,β∈Φl|α+β∈Φl}
12 +
∑
{α∈Φl,βs∈Φ|α+β∈Φs}
5
2
+
∑
{α,β∈Φs|α+β∈Φs}
3
2
+
∑
{α,β∈Φs|α+β∈Φl}
4
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Therefore,
C˜ =
12#{α,β∈Φl |α+β∈Φl} +
5
2
#{α∈Φl,βs∈Φ|α+β∈Φs} +
3
2
#{α,β∈Φs|α+β∈Φs} + 4#{α,β∈Φs |α+β∈Φl}
48
.
A.3. TypeG2. Consider the root system of G2. It is given as in the following picture. (see for example [24,
Section 12.1]), where {ǫ1, ǫ2, ǫ3} is the standard orthonormal basis of R3.
1√
3
(ǫ1 − ǫ2)
1√
3
(2ǫ1 − ǫ2 − ǫ3)
1√
3
(ǫ1 + ǫ2 − 2ǫ3)
1√
3
(ǫ1 − ǫ3)1√
3
(ǫ2 − ǫ3)
1√
3
(ǫ1 − 2ǫ2 + ǫ3)
• If α, β ∈ Φl, and α + β ∈ Φl, then (α, β) = −1.
• If α ∈ Φl, β ∈ Φs, and α + β ∈ Φs, then (α, β) = −1.
• If both α, β are short roots, and α + β ∈ Φl, then we have (α, β) = 13 .
• If both α, β are short roots, and α + β ∈ Φs, then we have (α, β) = −13 .
Using the above observations, we can simplify the following.∑
{α,β∈Φ|α+β∈Φ}
(
1 − (α, β)
2
(α, α)(β, β)
)(
(β, β)2 + (α, α)2
)
(α + β, α + β)
=
∑
{α,β∈Φl|α+β∈Φl}
12 +
∑
{α∈Φlβ∈Φs|α+β∈Φs}
5
2
+
∑
{α,β∈Φs|α+β∈Φl}
32
9
+
∑
{α,β∈Φs|α+β∈Φs}
16
9
.
Therefore,
C˜ =
12#{α,β∈Φl |α+β∈Φl} +
5
2
#{α∈Φlβ∈Φs|α+β∈Φs} +
32
9
#{α,β∈Φs|α+β∈Φl} +
16
9
#{α,β∈Φs|α+β∈Φs}
8
.
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